1 Lorentz Transformations and Lorentz Groups

1.1 Lorentz transformations
1.1.1 Introduction

Einstein's starting point: the speed of light in all inertial systems is con-
stant. Consider the two coordinate systemsD and O°with O°moving along
the +x axis with the speedyv:

Figure 1.1: The coordinate systemsO and O°

Let x = x%for t = t°= 0. Then

8
yo=y
% 2°=z
x0= p% (1.1)
1 v2=¢
% 0= pli vx=c?
1 v2=¢
The inverse transformation is obtained by changing the signof v:
g « = x0+ vt
1i v2=¢ 1.2)
=2 0+ vx%&¢ '
' 1 v2=¢
Assuming that a light signal from O obeys
X%+ y?+ 7% = 2t? (1.3)
we nd indeed that
X®+ y® 4 7@ = 2@ (1.4)

The speed of light is the same inO and O°



| Recall the Michelson-Morley  experiment (1887).

| Eq. (1.1) was rstintroduced by H. A. Lorentz (1892, 1895). Its use
in relativity is due to Einstein.

| Recall Fitzgerald (1895): lengths change! (Lorentz: mass changes).

The distance between points 1 and 2:

¢Xi=Xi(1)i xi(z); i=1;2,3 (1.5)
¢ct=t0; 1@ '
In the coordinate systemO:
X3
(¢ %)% 2(¢t)’=0 (1.6a)
i=1
In the coordinate system Q%
X3
(¢ x9?;i A¢tH2=0 (1.6b)

i=1

A coordinate transformation O $ O°obeying (1.6) is called aLorentz
transformation

De ning
| = ct
Xa=il=ict
we can write
Cx2+¢ x3+¢ x5 ¢12=0 (1.6¢)
¢x2+¢ x3+¢ x3+¢ x3=0 (1.6d)

More generally one can consider the transformation
Cx2+¢ x3+¢ x3+¢ x5= 2 (1.7)

The transformations with s 6 0 lie outside the "light cone".
The general linear transformation become$

x? = a + beXe (1.8)
1From now on Greek indices, ®; ;:::1° means the indices run from 1{4, while Latin
inglicesi;j;::: run from 1{3. If the same index (for example ®) appears twice a summation

( ) is to be understood.



1.1.2 Rotations and translations of the four-dimensional space

Theorem : For pure rotations, ax = 0, the transformation (1.8) will satisfy
(1.7) i® (if and only if )?

be e = hpibge = Ho (1.9

Proof : For the the light cone, s?> =0, (1.6) )

X X 9
(xP)?= ()2 3

1 1

X X )
ext= (xPjx@P)r=" x; x¥))zz

X
xMx@ = xWxP) (1.10)

Inserting (1.8) on the RHS (right hand side), we get

X X X X
( bex)( b-x?) = ( beb- )xPx?
1 ® - ®_

s X XD x@
®

This must hold for all x&;x?)
X

bl® bl.i = i-®7 fol

1

As x1{x3 are real andxg is pure imaginary, all other a« and bz are real,
except ag; by1; byo; buz; bra; b4 and bz4 which are pure imaginary.

1.1.3 Lorentz transformations as rotations

For a rotation through A around xs,

2The + denotes Kronecker's delta



Figure 1.2: Rotation through A

x§ = x1cosA| xzsinA

N 00

xg = X1 SinA+ X, cosA

(1.11)
3 x3 = X3
" x93 = x4
Similarly, the Lorentz transformation (1.1) becomes

8 ~ o
% x§ = x1c08A | x4sinA

0_

X5 = X

2”2 (1.12)

3 x3 = X3

X3 = x1sinA + x4 cosA

Now A is imaginary, sinA is imaginary and cosA is real. (For real A, set

| =ct=jixa Xg=il)
x§ = xicosA ilsinA 1.13)
1= { ix; sinA + | cosA '
For the origin OYx? = ::: = 19= 0) we get
[
X1=vt=v-= —|" 7]
! c
Hence (1.13a))
sinA
X1 =il = =1
1 COSA )
T =itan A (1.14)
8 1 1 i
%smA pb——— =p __=p'_
1+ cot2A 1; 2 1; 2
; ! 1 (1.15)
cosA= p—— =p——
' 1+tan2A 1; 2



Inserting (1.15) in (1.13), we get

8 A
(0= Xpi WG T) _ xaj vt
1 Pﬁ Pﬁ
iixaii )+ i xq
0= ct0= LRt 2~ - gl 21 1.16
b= P =) (1.16)
o_ ti xqv=C
0= H=
|

in agreement with (1.1). The invariance of c yields (1.1) !

1.1.4 Addition of velocities

For two subsequent Lorentz transformations, correspondig to velocitites vy
and vz, we get

tan A; +tan A,

itan( A + A,) =i - -
(A Ao) 1+tan A, tan A,

12

1t o
= - = 1.17
1+, (1.17)
Here ; = vi=c. For u = u®+ v, we have
0
u%+ v
UT e (1.18)

cf. eq. (1.9) in PyykkA (1975). Classically we would simplyhaveu = u®+ v,
but with (1.18) we see that for u’! c;u! £ = c. Even if we would
havev ! c at the same time, we getu ! £ = c. The speed of light is

1+c=c
not exceeded.

1.1.5 Perpendicular motion

Let now O%move in the x-direction and a body move in the y-direction:

Figure 1.3: O and 0% again



Consider two di®erent times,t9 and t9. Then the velocity in the O°

frame becomes 0 0 0

0 —
U, = — =
Yooet0 t9 t9

With eq. (1.1) we get

8
290 Yi=Y2i ya
> 19 19= to] tl'b (X2i X1)v=C _ ¢th ¢ x(v=c?) (1.20)
' 1i 2 1j 2
p—— pi_
¢y ¢y 1; 2 ¢y 1j ? 1.21)
Ct0 ¢t ex(v=¢) ¢t1; SXy=¢ :
pi_
uy 1i (1.22)

0_
W T Uy (V=C)

By changing the sign ofv and primed/unprimed quantities, we can write
_ U3p 1j 2 (1.23)
YT Trwv=e) '

1.1.6 The relativistic mass transformation
Consider an elastic collision between two bodies having thenassm. Let
frame O have uya = 0 and let O%be the centre-of-mass frame.

Small letters before impact,
Capital letters after impact

Figure 1.4: v=ul; = j ud,



From (1.22), in the c.m. coordinates,
8 p B ———
2 _up 1j ?
yB - . —
> 1j DUXB v_c2 (1.24)

Ua = Uya 1j 2 (asuxa =0)

In the c.m. systemjy9,j = jyg])

11 Ugv=d (1.25)

The laws of nature have to be the same in all inertial frames. Rtting
the relativistic momentum changes equal in theO frame,

2mAuyA =2mg UyB (126)

we get

Uya ma
mg =m = 1.27
® RAus  1j v (1.27)

Note that the two masses are allowed to be di®erent. As

_ 0 _ Uepg i V
= = — 1.28
VU T T g vag (1.28)
Vi v+ vi=0,
. s — 2 "y #
C v<c Uxs
V= &) 27 ¢ = 1i 1j 2 . 1.29
i i (UXB) i ig L i (=) (1.29)
Inserting this in (1.27), and letting uya;uyg ! 0O,
mg = h mMa L= np MA
= H - P oV——us v
AT T S TR G
ma
= Pﬁ (1.30)
i
In three dimensions,
p= moia—02 (1.31)

According to Einstein, The Meaning of Relativity, p. 45, H. A. Lorentz
usedFE = d p=dt with this p. F 6 ma.



1.1.7 Derivation of E = mc?

The kinetic energy, T, is the work done by a force,F, in accelerating a
particle to the speedu:

Z =y Z =y Z 4=y
T = Fdx = 9 (mu)dx = d(muy X
Zu=0 u=0 dt 7 u=0 dt
u=u u=u
= (mdu + udm)u = (mudu + u?dm) (1.32)
u=0 u=0

Recalling that

m = pm70)
T =d

m2c i m2u? = m3c?

and di®erentiating

2mc?dm i m?¢2uduj u?¢2mdm=0 :2m
c2dm = mudu + u?dm (1.33)
which is the integrand (1.32)!)
Z u=u Z m=m
T= cdm = ¢ dm = mc?j moc? (1.34)
u=0 m=mgo
Equivalently, .
T = moc® pliii 1 (1.35)
1 u2=¢

Denoting the total energy mc? by E,
E=me?+T (1.36)
where moc? is the rest energy
| Classical mechanics: The energy is de ned apart from a constant.

| Relativistic mechanics:  This constant is moc?.

1.1.8 Connection between T and p

From (1.35),
2\2
(T + m002)2 = —Z_CZZE.TSC:) )
u? 2y2
1i 5 = qimdy (1.37)
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U= c (moc?)?
' (T + moc?)?
)
- pMu  _ pn mg . (moc?)?
P T T L wemoey
(1.37) . (moc?)? T+ mgoc?
=" MoC 1j (T+moc?)? £ moc?

= %p (T + moc®)Zj (moc?)?)

p?c? = (T + moc®)?i (mMoc?)?)

E2 = (T + mo?)? = p?c® + mic*

1.2 Lorentz matrices

Consider the vector
X1 = (X1;X2; X3; X4)

with X1 = X;X2 = y;X3 = Z;X4 =i Xg =ict. Introducing

we can write the transformation (1.16) as

8 0o_ Xi vt . _

%Xl:pﬁ = °(X1+i X4)
|

x9 = Xz

x9 = X3

% 0 o_ . ti xv=¢ _ | —

Xp=ict=icp— = (Xaj i X1)

X?ZamXo
we have 0
° 0o0r
m:%o 10 0
0O 01 0
ii°" 00 °

We observe that

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)



a. The length of the vector remains invariant:

*2(xy+i X g)%+ X3+ X5+ °%(Xgi i x1)?

SO RS R TR

x9x?

1

X1 X1

b. The reality properties of the components are preserved:
are real andx4 is imaginary.

De nition : a» is a homogenous Lorentz transformation

X? = auo Xo

leavesx: x: invariant and preserves the reality properties ofx: .

We saw on page 3 thataw is orthogonal,

o a1 = ib’
j)

aio a:)

its rows and columns are orthogonal.

Corollary
deta= §1

(1.46)

X1;X2; X3

(1.47)

(1.48)

(1.49)

Example 1 : Rotations in the 3-D space are Lorentz transformations:

0 — . 0 _
Xk = aX|; Xz = X4

Here XXk remains invariant (rotation!).

(1.50)

De nition : Lorentz transformations with a44 > 0 are calledorthochronous

Orthochronous Lorentz transformations with
deta=+1
are calledproper Lorentz transformations

Example 2 : For the particular case (1.45),

10

(1.51)



_,..—0 10 0-—
deta—det: 0 01 0=
_ji’~ 00 =2 _
4100 -0 10
:o__O].O:i io_:0 01::02+(io)2
00° ii°° 00
=°21; =1 (1.52)
aqu=°> 1) aisaproperlLT.
Example 3 : The inversion
0 1
i1
_ i1 §
aio —% i 1 (153)
1
is an orthochronous butimproper LT: a4 > 0; deta=j 1.
1.3 In nitesimal Lorentz transformations
Consider the transformations
x? = auwo Xo; @wo = o + 20 (1.54)

where the 2. are in nitesimal quantities. The orthogonality requirement
(1.48))
(ilo + 25 )(i‘l’ + 21’ ): "_‘0’ (155)

Writing out the above multiplication, we get:
o+ + +o02 +200+h +202 = b
[ S S v Rl )
b) 20) 2’0 Y40
) 20’ =i 2’0 (156)

where we have assumed the product of two in nitesimals to be ngligible.
The reality properties demand that
2"—2i-2rJ 2. . 22 _ .2

— . o _ .
ik = ks 24a= %44 2470 %4 2T 24 (1.57)

Hence the2 matrix becomes

11



'3i!2i,1

0
%' '3 . !01 ', §§ (1.58)

'2|'1
if,b1id,2ii,3 0

The vectors

L=(111213) (1.59)
=(.1.2,3)
are real and in nitesimal but otherwise arbitrary.
Example 4 : Let! =(!1;!2;13); . =(0;0,0))
0 1
1 ! il O
ils ! 1 g§
1.60
% 2 it (1.60)
0 O 1

This is a three-dimensional (3-D) rotation where! 1;! »;! 3 are the rotation
angles about the three axes.

Example 5 : Let! =(0;0;0); , =(,1,0,0))

o1

1 00 1

0 100
0 01 0 (1.61)

i i, 100 1

Suppose thatvi=c¢, 1. Then, recalling (1.45), for
s =1 o

i° -|p—021/4|€+ O((—) ) (1.62)

Thus (1.61) is of the form (1.45), we have a translational Loentz transfor-
mation in the x-direction.

The generators of in nitesimal Lorentz transformations are the six ma-

12



trices

0 1 0
0O 0 0 O 0 01
__%001$___%000
1@ 0i1 0 72T @1 0 0
0O 0 0 O 0O 0 O
0 1 0
0 0 0 1 0O 0 O
%o 00 $ %0 0 0
D]_: ; 022
0O 0 O 0O 0 O
il 0 0 O 0j1 O
Then we can express
20 =1 ¢- +i, ¢n
Theorem : The commutators
Fi-k]™ ki -k
obey
i k]=i fk-
@i ok] =i H -
[@i;- k] =i Hk 2

where the permutation symbol

Hu

Proof :

8
2 +1

etc.

I
@ ©

[eNeoNeoNe]

@ <

oOor o

if i;k;I all di®erent, (ikl) even permutation

S 1, if i;k;1 all di®erent, (ikl) odd permutation
0; otherwise

Explicit calculation. E. g

0000

-§

[cNeoN Nl

0000
1

oo or
O ooo

13

0100

=800

0000

0
$ =j-3 (123) even
0

O OO+

© D O

o O oo

N - ~~
L. L.
oD PoOoo0oo yoooo0
s w
N N

(1.65)

(1.66)

(1.67)

(1.68)



In a more concise form we can express (1.67) for the six gen¢oas
ls=(- 1;- 2;- 3;81;82;83) (1.69)

as
[Ir;1s] = Cisly (1.70)

where the C{ are calledstructure constants

1.4 The Lorentz group

The six generators -1; - o; - 3;01;85; 83 generate theproper Lorentz group
a continuous group whose elements are

s=(M 2t e, 4, 250, 8) (1.71)
The 3D rotations (1.60) form a subgroup. Adding the inversian
0 1
i1
_ i1 §
Qo = % i 1 (172)
1
we get theorthocronous Lorentz group . Adding to it the time inversion
0 1
1
_ 1 §
Ao = % 1 (1.73)
i1

we get the full Lorentz group  (with eight generators in all).

14



2 Relativistic Fields

2.1 De nition

A wave function spanning a representation of the proper Loratz group is
called arelativistic eld . The only thing required is that

[Ir;1s] = Crslt [1.70]

must hold
In other words, Ag(x) is a relativistic “eld if it transforms according to

AQ(xY=[1+ ! ¢ +i _¢algA-(X) 2.1)
For pure (3D) rotations,
AYx9 = [ﬂg{!z Zt_j] f&xi (2.2)

The value of n is so far open.
On the other hand, the wave function for a particle with spin S trans-
forms under a rotation ! of the coordinate axes as

A9 =[1+ ~1 ¢SIAK) (23)
Hence the spin angular momentum
S=ji~—_ (2.4)

for whatever - _is chosen.
A wave equation transforming according to a given represergtion of the
Lorentz group describes a particle with a given spin.

2.2 Scalar elds

For one-component wave functions, the - and & are 1£ 1 matrices. Eg.
(1.70)) -1-2i -2-1=0) -3=0,cycl. Thus

-=1=0 (2.5)

(2.1))
A%x9 = A(x) (2.6)

(2.4))
S=0 (2.7)

Thus a scalar (one-component) eld describes a spin-zero padile.

15



23 An S=1 el

Consider a four-component wave functionA, transforming as

AP(XY =1+ I ¢ +i_¢alw Ac(x) (2.8)
with the 4 £ 4 representation in (1.63). Eq. (2.4)
0 1 O 1 0 1
" 0 1 1 #
_ 2 i1 § % 0 § % i1 §
S=i % i1 * i1 " 0
0 0 0
0 1
1
_ 5.2 1 _5.2
=22 . K=o (2.9)
1
S(S+1)=2) S=1 (2.10)
S, = i 1,0;1. This is the self-representation of the proper Lorentz group.

2.4 Two-component spinor elds

Can we nd six 2£ 2 matrices, satisfying (1.67)? Try the Pauli matrices ¥%
which satisfy

[%: %] = 2t % (2.11)
An explicit representation is
3/_“01ﬂ_3/_“o;iﬂ_3y_”1 o 2.12)
1T 107 i 0 %7 0j1 '
Choose
- = % (2.13)
o= § '53_/4 (2.14)
We can verify that (1.67) holds
8 1 i
% -is-kl=i Z[%:%F i Eiﬁkl%= i k-l
1 i
E [ai; ] = Z[%;%F i E’—ﬁkl%= ikl - (2.15)
S TR R 77 %’—ﬁm%: i K ap;  indeed.
Eqg. (2.4))
S=ii== % (2.16)

16



~2£H01ﬂ2 H Tz \P: ) S|

2= Oiji 10°_§~2 10
- 4 10 i 0 0j1 4 01
3 1
+ = — = — .
S(S+1) 4) S > (2.17)
Consider then the inversion
0 1
1
_ 1 §
P—% 1 [1.70]
i1l
For the matrices ER1.62{(1.64)
[P;-]1=0 (2.18)
fP;ng” Po+on P =0 (2.19)
Example 1 :
0 10 1 0 19
i1
B, fBLEBL S
P-1= % i1 i1 @3
0 10 1 0 1_) [P;-1]1=0
: RE Ot k-8,
1P = %, 1 i1 T@1
l b
0 10 1 0 19
il 1 il
N T
Pﬁl % |l
0 10 L 1 Oi ! 1 ) ) P 0
R .
1 1 19
i1 §_%
p=8 KR ', K-
il 1 1 :
Now , for the two-component case, either -=a or- = j & (eq. (2.14))

and we cannot satisfy simultaneously both (2.18) and (2.19) Therefore a
two-component S = % “eld cannot be found

17



2.5 Four-component spinor elds

Consider now a four-component function transforming as

AAxY =1+ ! ¢- +i_¢a]A(x)

with

These - and o satisfy (1.67).

The corresponding angular-momentum operator

S=ji—=

0
3

X __,2%
= 7

Introduce the four new matrices

4 =

These matrices areHermitian,

and their anti-commutators satisfy

U

0

i3_/4ﬂ

i i% 0

U
10

01"

f°1;°%Qg=2h0

Example 2 :

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



0 10 0 10 1
01 Oiji Oiji 0
RE PR VL S L PO
it 1207 @ g, 1 0i 0i 0i1
il O i10 10 il O
o 1 0. 1
i10 i O
_ 0i § 0iji _
_% iiO+ |0_O’ OK
Oi Oiji

The present & and - in (2.21{2.22) can be expressed as

1
5727317371112 (2.29)

a = %(°1°4;°2°4;°3°4)1 (2.30)
In this representation the space inversion is
= %4 (2.31)
This -, (2.29), commutes with P,

[P;-]1=0: (2.32)

Example 3 :

[P;-1]= %( |402% | °2°3%4) = 0:

This @ anticommutes with P,
fP;ag=0 (2.33)

Thus the states in this representation can have a well de ned grity. The
counterparts of our later Dirac matrices are

T
—-_— 10 0 — 03_/4
®=i°° = %’10 (2.34)
u
_ . _"1o0
== 5, (2.35)

The °. matrices obey an Algebra.
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3 Relativistic wave equations

3.1 Klein-Gordon
The Schridinger equation

i~%¢‘= HA (3.1)
p?
H = om * \Y (3.2)

contains rst derivatives with respect to time, t, and second derivatives with
respect to (xyz). We now wish to handle all four coordinates k1X2X3X4) On
equal footing.

The Klein-Gordon  equation was introduced byFock (1926ab), Gordon
(1926), Klein (1926-1927),Kudar (1926) and SchrAdinger (1926). We wish
to satisfy

E? = ¢?p? + m?c? (3.3)

(Compare with (1.40), m = my).
Taking the square root, we would get

P
H= c2p2+ m2ct+V (3.4)

but the problem would be to actually take the square root.
Reorganizing, we get

(Ei VA= P c2p2 + m2cAA (3.5)

Squaring (operating twice)

(Ei V)2A=(E?; 2EV + V)A = (2p*+ m?cHA :2mc? (3.6)
Ep?2 1 2. 1 -

o_ —
(E2j 2EV +V?) A=0 E = mc?+ 2

+ =
2m 2 2mc?
Ep® + }mczi (m3c* +22mc? + 22§ 2mc?V | 22V + VZ)DA =0
2m 2 2mc? eSS —
h 2 [
Pavie vy aszo (3.7)
2m |2mc2 {z }

hm (mass-velocity) of Pauli

hny is often expressed as
_. 0
m =1 gmace
The external electromagnetic eld A;V can be included through the
minimal substitution p! pj %A, g being the charge of the particle. For
e’ | g, (3.6) becomes, for electrons,

. £ a_
(Ei V)?A= (p+ EA)Z + m?%c* A (3.8)
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[This is valid in the Gauss-cgs system of units or in atomic unis. In SI, use

p! pi Al

For a free particle, replacing

@
I j~—e
E! i ot (3.9)
and introducing the d'Alembert operator
1@
- 2. :
o =71 “j Zat (3.10)
£ a_ ,
i ~2% i mct+ ~2r?A=0 j:-~°c
£ 22,
o MC% =g (3.11)

~2

The equation (3.7) is good for apionic atom, se e.g. K-C Wang et
al. PRA22(1980), 1072. It gives a wrong answer for the ne structure of
electronic atoms?>.

Multiply now (3.11) from left by A®:

> 220
A% o j m~2CzA =0; and j +
£ 2c2a,
@i T, AR =0 i
A’(@A)j (@A"A=0 (3.12)

Using the de nition of o

o 2 1@~.£2 1@’“u°’“_
As £ %
A*(A%; (A")OR = "A"A%; (A")A (3.14)
and £ a
A*(r 2A); A(r 2R =r¢ A°r Aj A(r A" (3.15)
we get the continuity equation
@Y .
@t+ rej=o0 (3.16)
where
. — i~ i"n@A. @AD)"’G:
Wr;t) = chz A @“ at A¢ (3.17)
H . _ |_~| AL A - A A
jrit) = o Ar Aj (r AHA (3.18)

3The proof is left as an exercise for the reader
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reduce to the right non-relativistic limit (see e.g. Kvantkemi I, p. 20-21).
Now the Yais still real, but not necessarily positive de nite. Replacein (3.17)

i~@t! E ) E
Y= —jAj?. Now, if E < 0, %<0 (3.19)
mc
3.2 Dirac
We are searching for an equation of the form
. @ .
~—A=HA 3.20
ot (3.20)

Because of the rst derivative @@1, we would like to have rst derivatives @@X
etc. as well. Note that the series expansion of the square rddn

(Ei V)A= mc2p 1+ p2=¢

would contain all powers of E?=).
Suppose now that the Hamiltonian is linear in all @@x and that the wave
function @ has N components,
0 1

Ay
az B KX (3.21)
Ax

Then the most general free-particle wave equation is

@ _X _
i~=2a .= [c®, ¢tp+ nmc?P, (3.22)
ot =1 -
wheren runs from 1:::N, and
. @ @ @
®, Cp=j i~ — + — + — 3.23
®, ¢p =i I~{(®n)x @x (®ni)y @y (®h)z @z ( )
In terms of the N £ N matrices ® and :,
r»@%:[ i i~c®¢r + mc?2 " hpa (3.24)
@t -
with the Dirac Hamiltonian
hp = c®¢p+ “mc? (3.25)

The D in hp stands for Dirac.
The components of® are the N £ N matrices (N , 4, see below)®;®,
and ®,. In order for hp to be Hermitian, ® and  must be Hermitian:

@=® V=" (3.26)
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For all points in space-time to be equivalent,® and  must be constant
and dimensionless. Consequently they commute with and p.
We still want to satisfy

E2= 2p? + m2c

for all componentsA; ::: Ay :

.2 @ a— 22r 2+ m2ce
i @ [ i m<c”] (3.27)
Then the Dirac equation
. @
hnad=j ~—a
D I @t

will connect the di®erent components while every individualcomponent, A;,
will satisfy the Klein-Gordon (K-G) equation (3.27).

3.21 Why must N, 4?2

Starting from
®=i® | £

_ . — — —2 _
By @ =D
A B

we see that

Tr AB =Tr BA
T@=iT(®) =1
i Tr &

0

The ® were 8 1. We have the same number of both N must be even. On
page 17 it was shown that 2 was too smal) N , 4.,

3.2.2 Properties of Dirac matrices

Multiply now
@

@t
from the left by the operator i~& + hp )

(i~—=.,i hp)@=0

(i gl h3)=0
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in other words

@, £ P
R SR PR CLRL LI -
A P 3 [ -\ @ 2 4—20a
ii~c L(®+@® )@x+m C (3.28)
where we have used the fact that I@@x; @—%’( =0.
From (3.27),
8
> ®® + ®® = Zﬁj |
®+® =0 (3.29)

2=

| being the N £ N unit matrix. Because ® and =~ were Hermitian, their
eigenvalues are real. According to (3.29), the squares of #se eigenvalues
equal 1. Hence the eigenvalues ar®@ 1. Dirac noticed that (3.29) is satis ed

by

HI 1
= (3.30)
g
V]
_ 0%
®= %0 (3.31)
where
I_“loﬂ, 3/_“0111. 3/_Lloiiﬂ. 3/_“1 Oﬂ 032)
o010 *T 10 2T i 0o T o051 '
3.3 Some properties of the Dirac equation
3.3.1 Solutions with 8§E
For a free particle,
[ho;p] =0 (3.33)

and hence the two operators have simultaneous eigenfunctis 2( p; x):

=P
hp? = E(p)? (3.34)
Operating again with hp,
hg2= E(p)* (3.35)
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with the solutions

hp® g F%E(E)a §; (3.36)
E(p) = c2p?+ m2ct
corresponding to "electron-like" and "positron-like" solut ions, respectively.

If only one of them existed, hp would be a multiple of I, and commute with
all matrices.

As (3.29))
@ g=0)
£®;_o:® l_®_=I2®_)
hp; = j2c®¢p60)

9 sothat[hg; ]60) hp 6al)9 +Eand | E

3.3.2 Inclusion of electromagnetic elds

Use again the minimal substitution )
3

hp = c®¢ pj EA +V + mc? (3.37)

[In Gauss-cgs. In SI, usepj eA. Now e < 0.] The non-relativistic "dia-

magnetic" term is recovered here in 29-order perturbation theory with in-
termediate positron-like states. Using the closure,

X
jALIhALj =1 (3.38)
n
¢E = 2mc?
we get
X - .
E@ = jA*jhpjALij>=(E" i E})
n
2 2hA*jA%AT i=2mc? (3.39)

the usual diamagnetic term. (Recall that 5--(pi 2A)?! the term %géAz.)
3.3.3 Free-particle solutions
In atomic units (e= me = ~=4%3% =1, c=137:036),

hp = c®ep+ &~ (3.40)

Using the Ansatz _
a= u(p)e'EtlL (3.41)

26



the Dirac equation hp2 = E?2 gives

2 . .32 3
i E+ c? 0 cp; c(pxi ipy) U1
0 i E+ ¢ cpx+ipy) i Cp uxd
§ cp:  cpxi ipy) P Ei & 0 é ug5 =0 (3.42)
cpx tipy) icp 0 iEi @ u

This linear, homogenous equation has solutions if det [| = 0
(E%i c¢*i ¢?p?)?=0 (3.43)

E = §Cp (P?+ A= § Ep (3.44)

Denoting Ep + ¢ by A, the spinors become ¥4 = the spin):

(E; %)
Uj (Ep: 3) (Epii 3) (i Epi3) (i Epii 3)
up 1 0 i Cp.=A i c(pxi ipy)=A
uz 0 1 i c(px tipy)=A cp.=A
Us Ccp.=A c(px i ipy)=A 1 0
Us | c(px +ipy)=A i cp.=A 0 1
(3.45)
The normalised spinors become
A PR S q
4 1¢° Ep+ c2 A
UPEp) = HE- wmiet = —=— 3 (3.46)
q i o) i o £+ 2M& T
Ep = 22¢ Efd g = P ot 3.47
U(E | p) 2E, iqﬁz@ 2Ep A2 ( )
ioC i.¢ i
where '®" is either lé or 1(1’ .
The ratio of the norms for E, > 0,
A3 p? o, p? 1, p,, 1V,
=5 = 2 = —(—)"Ya=(- 3.48
Az (E+c?)?2  (2¢%)2 4(mc) ! 4(0) (3.48)

for small v=c Therefore A; and A, are called thelarge and small compo-
nents , respectively.

For electrons in light atoms, v ¥ 1 a.u. and this plane-wave estimate
gives

1v, 1. 1., ¢
() e glqgy)” 10
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3.3.4 Probability density
For @, satisfying

i~@@t= i i~c®¢ra+ "mc? jave (3.49)
where the Hermitian conjugate
a¥ = (AL A5 A5 A (3.50)
satis es @
i i"@? Y=i~c(r 2Y) ¢®+ mc?2 Y~ j£ a (3.51)
Performing the two multiplications and subtracting, we get
i @a yay = . i ay a ay
|~@{ Y= ji~c(®@'®¢ra+ r CRA) (3.52)
1 @a ya
—— + a YRR) = 3.53
gl O+ re e =o (3.53)
Comparing with the classical continuity equation
@Y% :
—+r =0 3.54
at '°L (3.54)
we identify
Yo=a Ya= ( AA + AJAy + :10) (3.55)
j = @ver (3.56)
From j = %2y the velocity operator (local velocity of the Dirac electron)
vV=Cc® (3.57)

3.4 The Pauli limit

By substituting E = mc? + ", the Dirac equation becomes

£ o}
c®¢p + g_{'zlgmc2+ Va= "a (3.58)
==
@ 04
0j 2

In terms of the two-spinors

( Ci/4¢EA2 +V A]_ = "Al

. 5 . B (3.59)
C¥alpAs + (i 2mc®+ V)Az = "Ay)
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c¥ae o
74¢P i

2mc2+ " V
Y0

2mc

P!

2 1

Ya

A1

(3.60)

(3.61)

(Note that (3.60) is still exact.) Using the above approximation with A; =

Anr; h&ﬂ'&li =1)
i

PA1jALi + ALjAi

1
=1+ Im2e PAzjpjAai

Then the expectation value ofhp becomes
"= jhpja it i
= hhajc@¢9+(‘i 1)mc? + Vja i=te ja i
= hAjc¥epjAgi + Mgjc¥piAsii 2mc2hAgAsi
B ih i
+ h&lj'VjAli + h&zjVjAzi =1+ h&szzi
h 2
1 - 5 1 . 5~. .  2MC° ~ . 5.~ .
= — A+ — Al —— A
thAﬂpJ 1 thAlij i 4m202M1]pJ 1
1 . o
+ hAjVjALi + mmlj%q:EV%d:gAll =P 2
h p2 B B 1
" n Pk iR 4
MhlJijAll hAlJVJA1|i Imia
£ 1

4
="nri 8m3C2 hAlJp jAgihAjp?jAq

am2c2 hAlJVJAllhAllp A

1 o 4
+ mhm%d:gv YalpjAsi + O(c' )

Trick 1 :

p? 5 5
(% + V)AL = "nrAg;
- p? .~
VA =("nri %)Al
1 o o
= "nri m"nrmllpzlAll
1 ~ . e
+ 3 3
y~r hA4j YaCpV YalpjAqi

29

h&lj Z4¢EV i/4¢9] A]_ i

1+ WA jpetA%ep= p?l

(3.62)

hAlijjAli +0(c 4 A 1=¢* and higher order terms neglected

(3.63)

(3.64)

(3.65)



Trick 2 :

%%
YaCpV ¥alp

I Hjk Y+ &, (3.66)
YapiV %Dy
I ik "/kEiV (SRR VA o o
ik % (BV)p + V ﬁﬂj + PV
=0

= ~%e(r V £ p)+ pV (3.67)
[Note: pipp =0 asi andj run over all combinations (summation); pip; i
ppi =0.]
Here

o]

1£
> PVt eV

1£ o 1£ a
> VP + pPV o+ > (PV)Pc i Pr(pkV) (3.68)

where the rst term becomes

PV

1. X X oo 1 - 4%
SRV P+ pPViAL B o bRptiAd i 5 hRgjpfiAai (3.69)
and the second term becomes@ ~ @@Q
1. . -
SPAI(PN)Pci Pr(PcV)iAal ~
1. ST S X — .
= SPAAPM)IPAL T ShacA(pV)iAD o= i -@
~2£Z 3 ) z ) &
i3 A@VI@A)+  (@A)Y(@V)AL
ng. g z oz )
=i A@VA T (@A)@ALT ANG@VIA
T4 ]

+ (@A)N(@V)A

= %Jh&ﬂr 2viAii A(L)! 0 (3.70)

Assembling the pieces in (3.65), (3.67), (3.69) and (3.70):

M= hA1j~%t(r V £ p)jAi
+ e RgPiAL | o PAgjpiA
+ %Jh&ﬂr 2VjAliI
= "o+ hhy + hso + hgi + O(c %) (3.71)
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8

% Hmi = 8m3c2 hA1jp*jAqi (mass-velocity)

E hhspi = amZc Zl‘Alj%U)(l‘ V£ p)jA]_I (spin-orbit)
2

©oMhi = o ———MAgjr 2VjAi (Darwin)

Returning to (3.65), in terms of Ay,
I hE\ZjVjAzi
For the Coulomb potential of a point charge Z,
1
2\ = . 204\ = 41
r<v =jZr (r) 4/4Zﬁg})

3-D #-func
2

8m am2c2 c2
Y27
2m2CZJ 1( )J

Hhgi

hAj(4%2) (r)jAqi

Example 1 : For the 1s state of a hydrogenic atom, in a.u.,

r__

- Z3 .
Ais= =%,
1s 1,

vazz3 7%
22 Yy 2¢?
Mmi = | 8m3czho4 =i
- - E: V 2i
| ZmCZ::]( | ) I
1 "Nz2 z2 . .
=i o (571 20 )i+ v

h(—)2

2mc2

As
Z 3

. z8 oz
Wi = = (4% g2 = 2y
1/4( @ r

i 424 e 22 rdr —(l 474

2
ZOl 3 Z (22)0
W2 =+428 @220 L fagroaz5 9o 274
o r i 2z
1 1 5
hhmi = Z* 2 1+2 = —2z*
m! =0 omes 7] | 8c2
H’lsoi =0
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(3.72)

(3.73)

(3.74)
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Summing up,

. Z* 5 4 z4
Erel = hy + hgi = g(i §+ §) = 82 (3.76)
3.5 Central elds

We now return to the full Dirac equation with a local potentia | V(r) = V(r).
As

£ o]

I;hp = ic®E p60O (8.77)
a P

S;hp = jic®RE p6O (3.78)

neither | or s can have simultaneous eigenstates witlihp but their sum

I

|+s (3.79)

can because
[[;hp]=0 (3.80)

Details :

tH
Ql—

r
_ - £ £ o
I, =0; LV =0; L®¢tp 60
Consider the componently:

[l1;®¢p] = ® [l_l{ié)lﬂ"'@z[ll; p2] + ®s[l1; ps]
=0

=t I RZ
I=rE€p=jixy z2) h=ii(y@i z@)

@@ @

lupd = (i DAY@i z2@:; @] ,
_,eée @é _ @ . @
= y@y@%z@?l @i y@y@-'z-z@?
= @@Zzip3, cycl.)

[l1;®¢p] = ®yipsi ®sipz = i( ®E p)s, cycl.)
;®¢p] =i ®Ep o
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Similarly for [ % ® ¢p] (=with spin),
e o™ 0 wep! M 0 sl
0% %p 0 ' %p O
0 %%lp "o Yatp¥a
%¥ulp 0 ' %ep¥ O
"0 paruep
[%a;%c¢p] O

[%a; ®¢p]

As [34; ¥s] = 2i ¥4, cycl.,

[¥a; %Cp] = Ya(¥ap1 + Y2p2 + Yaps)

i (Yap1+ Y2p2 + Yaps)%a

p1+ Ya¥pp2 + Ya¥aps

i Pri Y2%ap2i Ya¥aps

[I Za{;;fz}] P2 i F{@{;;@}] P3

2i¥s 2i%p

= 2i[Yap2i Yaps] = 2i(p2¥si P3¥a)
=2i(pf %, cycl.)

[%®¢p] = 2ipE ®=j 2RE P =«

De ne

) (3.79)

As a further detail, consider the operator
K=(V¥gtl+1)
We shall show that

[Kij1=0
[K;hp] =0

+ 0

0x

(3.81)

(3.82)

(3.83)
(3.84)

In other words, K, hp, j_2 and j, can have simultaneous eigenstates.

Theorem a:

For two vectors A and B which commute with ¥but not necessarily with

each other,
(%4CA)(%¢B) = ACB +i%¢(A£ B)
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Proof :
The ¥%matrices simultaneously satisfy
)
4 %] = %% i %% =2it4H
% %0 = %%+ %% = 2%

B=1 (i = k) (3.86)
%Y =1ta% (i 6 Kk) (3.87)
(YtA)(%aCB) = %Ai¥B;
e pABI+  %%HAB
= AGB+ %% (AiBjj AjB;
name g (e me)
ik % (A£B)k
= ACB+IHCALEB (3.88)

The equation holds for both two- and four-component¥

Theorem b:
(®CA)(®CB) = ( FCA)(%CB) (3.89)
Proof :
H 0 3_/4(1:A‘"H 0 3_/4¢§ﬂ _ u3_/4¢A 3¢B 0 1
3¢A 0 ¥¢B 0 - 0 YCA Ya¢B

(¥ CA) (% ¢B)

¥4 denotes a four dimensionaP4

Theorem c:

(®CA)(®CB) = i °sACB +i®¢(A £ B); (3.90)
where
°s5= °1°2°3°%4! (3.91)
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Proof :
We use the representation

g0
- = T % Oﬂ
o _ __ul 0
57 T 01
Then, recalling that i = j i,
o_.iu0i3/4ﬂu0i3/zzﬂ uoi%,ﬂul O‘IT
"1y 0 % o0 ¥% 0 01
{z T ol m {Zﬂ }
_ . 1% O 0 ¥%
: 0 | %% Y 0
m =
_ .0 %% e s
= sy 0 AYe =17
U
_. 01
=i 10 (3.92)
Then
8
%" _”01ﬂ“0%ﬂ__“%oﬂ__3/4
IR T BIRLE S (3.93)
S, 0%ior _ Fuol |
% _ M01“1/40__“03_/4__®
i 10, 0% 1 %O 1T (3.94)
§3/4°_.“3_/40“01_.“03_/4_. |
0% 10 ~ ' %o ~!'F
Multiplying Theorem a, (3.85), from left by | °s
¥ GA)(%4¢B) = A CB +i YV CAEB .
|?1 )(4 ) i 5 (l_{ﬁ_‘})
Theorem d:
Because
Il=rf£p (?p)
pel=1¢p=0: (3.95)
Furthermore,
I1£ p+ p£ | =2ip (3.96)



Proof :

A
AEB = Ay Ay A—
By By B A
AEB+BEA= T[AB]i [ABy]
+'i [A Byl +[Axi B,
+QI[AX;By]i [Ay; Bx]
(£ p+pLt Dx =T[ly;pli [z ]
= | (Z_Z @g( g. (—g( g x—g
gy Yala) @) sy Yol
= @@er @@x_ 2ipx; cycly

Then the anticommutator

fYel;®@¢pg = (%) (®@¢p) + (@ ep)(%ael)

(3. 90)
°s[l ¢p + p¢| +H ¥ O£ p+ pE ]
? —PEEmy
:0 2ip
= | 2®0p (3.97)
Theorem e:
[Ki® ¢p] =[ % ¢, ®¢p]+[ ;® ¢p]
Because
i ® = ®;
i ®Cp ¥atl = (®CP)%adl )
[K;® ¢p] = f%¢l{® ¢p?+2 ®0ep=0 (3.98)
i 2@p
Theorem f:
As
[:71=0; [Ki]=0: (3.99)
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Theorem e+f )
[Kihp] =0 (3.100)

It remains to show that [K;j ] = 0.

Theorem g:
From theorem a, (3.85), taking B as an arbitrary vector, commuting
with A,
(YaCA)Ya= A +i1%E A; (3.101)

where we used
YA £ B = %E ACB:

Similarly, letting A be arbitrary,
Y¥tB)= B+iBE£ ¥% (3.102)
Letting then A = B = | and subtracting (3.101)-(3.102),

[Vl A =1%E | I £ %

=2i%E | (3.103)
Theorem h:
Let A commute with |. Then
x3 X
[Adl] = [Aililj R i iRy Al
i=1 j=1
X
= AR i
" Hk ilk=i ik Ik
= ilAE| (3.104)
Letting A = %
[%aCl 1] = i i%E | (3.105)

Theorem i:
The desired commutator (note: K; ]=0)

i ) . 13
[KijJ=[%cel+ %

_ 1_
[%acl; 1] + > [%acl; ¥

_ . 1_ .
(j 1%E )+ > QI%£E£ D=0 4 (3.106)
Summarizing,
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[K;j]1=[Kihp]=[j;hp]=0 (3.107)

Denote the eigenvalues oK by j -:
KA™=; A™M; (3.108)
where the %(in K) are 2-component ones, and the 2-component spinors
A™ 7 Isjmii (3.109)

The quantum number - carries bothj and I:
8 1
2i1i L j=1+Z (state'l’)
= 2 (3.110)
> 1 o
: ; li 5 (state"I* or .

—
1

The lowest values are

= -1 1 -2 2 -3 3 -4
S1=2 P12 P32 O3z Os=p fsp fomp Il (3.111)

(o]

s p p d” d f° f
From
j=1+s
j?=17+216s+ §°)
1.
Les™ S0%i 171 &7 (3.112)
Consequently
K=3%¢l+1
=j%i 17i $°+1
KA™ = Kijlsimi=[j( +1) i I(I1+1) ]s(s{erq +1] A™
_%_
: 1 2. AM
=[(j+ 3% 10+ 1A
=i AM;
whence
1,
=10+ G55 (3.113)

as can be veri ed from Table (3.111).
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For the 4-component case we introduce the Ansatz

T L oV AR LTV G114)
- C Ay T fMA™ T iQ(r)Am '
for which, indeed
Kam_u3_/4¢|_+1 0 ﬂuAlﬂ_._am. (3115)
o 0 j%elj1 A, ' '
This 2 is an eigenfunction to hp; K;j_2 and j,.
3.5.1 The radial Part
From
AE£ (B£ Q) = (Ac¢C)Bj (A¢B)C;
(A¢B)C =(A¢CC)Bj A£ (BE C); (3.116)
with
A=B=t=(NKk); C=r;
r=a(er)i rE(REr )
@ .é
=% o i— £ | (3.117)

Here & is the unit vector along the radius (and | = r £ p). Consequently
the kinetic energy term

. @ 1
®Cp=j — i —®CrE | 3.118
®Cp= | |®r@r| - | ( )
Denoting u
%0
3/,= 3 = —
%= % 0%
and using
®CA®CB = ACB +i%CtAE B [3.88-3.89]
forA=%andB = |,
®LA)(®C) = & ¢l +iYCr £ | 3.119
f%$_)I%_J__ (3.119)

(f ¢l = 0 as the angular momentum has no radial components.) Multidying
by i°5 and recalling that ® = | °5¥%

i°s® (®¢l) = j °s¥%er £ |
1°5% (%¢l) = ®¢r £ | (3.120)
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: 1,
®ep=i°s% @@ri 17574 (%)

i°5%[@@ri L) (3.121)

Thus the Dirac Hamiltonian

hp = c®¢p+ mc?+ V(r)
1 ~O @ 1 ! 7 2
=ic’s¥% — i —%Cl + mcc+ V(r): (3.122)
@r r
with

K="(%¢+1); %=1)

el = K j 1; (3.123)
n — 1
ho=ics¥% @+ Fi -~ + mc2+ V() (3.124)
Theorem a:

=1 (3.125)

(like in the cartesian case,%f = 1)
Proof :
X 1
Y = Yatf = %F(%‘X + Yy + Y52)
2 2HX 2 2 X |
¥ = frac 1r Y& X©+ XiXi (%% + 3%3%) =1 4
¥ il{_él}lbjljf f{zf}

=0

Theorem b:
fK;¥%g=0 (3.126)
Proof :
K= (%0l +1)
[F%¢]=0
[ %]=0
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(3.85))

(%b1)(%Ct) = 1 60 +i %48( £ 1)
(Y0)(%atl) = 1 61 +i %a0(P £ 1)

FK; % g= (%l +1); %Py
= _i3_/4¢f|_£ L‘{l-z’t£ |_2 +2 ¥ ¢p

2ip
=0 a
Theorem c:
Y%A" = A"
Proof :
K(%AT) = i %(KA™)
= - (%AT)
Thus the eigenvalue of%A™ is -, while
KA™=; .AM

whence

Recalling now that

o “01‘”. B Iil Oﬂ_
T 10 0j1 "’
(3.124) becomes
mn A !
TN | Hooo |l oo |l
. 01 @111 0 , 1 0
. 3 _— s -
ic(i ) 10 Z @r"‘rlr 0i1 K™ + 01 mc“+Vi E

where K 4 denotes the four-dimensional K-operator. Recalling
H gA 1 oo~ T

4 —( . )/ :
K ifA | . =0) A,
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. #
|c“01ﬂ3/ @+:_L " gA ﬂ- }U gA !
a0 " @r r A, 'Y AL
R | nooo 1
> 9A . gA
me* A, TWVIE) G
Then operate with % using (3.127):
" . #
'M10 ' @r r ifA . rifA.
[ | oo~ 1
> 9A gA
me* A, TVIE) R
J e, Mia T it a7
=4 = - P
rr - r :
2 - Vi E) - =
me” ita, TVIEE) g =0
For the two components
A ! .
: Hea T oh i & T
@ i, ¢1 TifA. 5 _ gA
ic @r+ 1f'g - gA . + f8gmc“+ Vi E itA.
Dividing by the angular part and i we get
8 3
Eic—@+1' f +(mc?+Vi E)g =0
3%r 1r .
> + -
S oGt g+(i me?+ Vi E =0
Introducing (
P=rg
Q=1rf
S dp dg S dg_1dP P
_ = g+r_ — = —— | —5
dr dr) drdr  r?
>dQ_ df 7 >df _1d0. Q
dar dr dr — rdr ' r2
8 .3 3 N,
21‘ d_QI 9+(1| )9 + jmc+ I E:O
r,dr r r 3 c .r
>1'd_P|E+(1+ )E+ imc+V'E9:o
r dr r r r

=0 (3.129)

(3.130)

(3.131)

(3.132)

(3.133)



3 3 .
E?j_I:+.$+ lm(;+V'CE Q=0
. ;
d
>§.-$+ imc+ —— P=0

3.5.2 Non-relativistic limit

Let the potential jVj¢ E Yamc?. For the E > O states

ViE
i mc+ ! Yaj 2mc)
3 ,
1 dP P
1, 4+ .
Q 42mc3dr r ) ,
dQ 1 00, ' po0.
— = _— P+ —P";] <P
dr 2mc ro o2

Denoting E = mc? + ", for bound states" < 0,
3
PO —P% —_Pj —£ P%.
r r r

3

ﬂ|'U

mcZ+ " V

+(2mc) | mc+ — P =0:

(- +1
poo, [0 *1) — )P+2m("i V)P =0:

( (
il 1 GG _
.= I ) (- +1)= 1+ 1) =1(1+1)
: I(1+1
pog Do ome; vyp =0

r2

the usual non-relativistic equation.

3.6 The Dirac-Coulomb Problem
(Darwin 1928, Gordon 1928). Consider

Z
V=j—
r
For normalized bound states
Z, Z,
r2dr(f2+ g% =
0

dr(P2+ Q?) =1
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(3.134)

(3.135)

(3.136)

(3.137)

(3.138)

(3.139)

(3.140)

(3.141)



(3.134))

dpP P E
Ed_r+ —+ i mcj __'Eon
3 ‘ (3.142)
>d_QI .9+ imc+E}+E P=0
dr r cr ¢
So far~ = 1. Letnow m = ¢ = 1, as well. Then the unit charge
e= ®=1=137036. Furthermore denote
, = (i E? (3.143)
X=2r (3.144)

and introduce the new functions A; and A, for which

( e
P = p1+EE' ’r(A1+A2)

P o (3.145)
Q= 1;j Ee " (Ai A)
Then
8ap p—_ h4A dA
= 1+E€ i, (At A+ —+
dr h dr dr . (3.146)
.> Q dAl dA2 '

dQ _P——— "y
o - LB i (A At i

Straightforward algebra on Eq. (3.142) gives:

8 h .
2PirEo i (AL+ A+ dAy | dApT

dr %r .
> . |

—_— p . Z p o
i Fp1+Eel»r(A1+A2)+ E+T+l pl. Ee: (Ali Ad)

Dividing the top equation by P 1+ E€ ' andthe bottom one byp 1;j E€f
and noting that @r =2, @Xwe get

*dA;  dAy
A+ Agy+2, =L+ 22 =
(At Ag)+2, ix T i .
27 "1, E
|—(A1+A2)+ E+ =41
*dA;  dA,
Ali Ay+2, =2 =2 =
?,(1. D2, i .
Co 27 "1+ E
A A)i E+ 2% 1 TR+ A
r(1| 2) i L 1 E(l 2)
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Dividing now by 2, , gives

Ay -—(A1+ Ao) i .;(A1+ Ay)

h i r
2.7 1 1i
E+ >2—+1 b A A
< IS TS 1+E( 1i A)
% AZ__(All A2)"‘—('5\11 A)
h i N——
27 1 1+ E . ;
E+ >—j 1 -p AL+ A
X | 2|u (1+E)(1i E) 1i E( 1 2)

Now, remembering the de nition of | , (3.143), the above can be reorganized
to

8 .
h 22 i
A°+A°:A1}; e i)
1 2 2(1+E)
hy o B+ 2Z 4
thSi i —Sa e
2' x 2(1+E)
h 27 . qi
. . c ] . E+55=j 1
AO.AO:A 4+ X
12757 X! 2@ E)
h

) 1 E+%Z—.1I
+hAy i S
2! x' T2(1i E)

Writing down the sum and di®erence of the abovd (sum at top, di®erence
at bottom):

8 n 5 ; 3 ,#
o 2z 1° 1 1 1" 1 1
20 =A; 1+ E+ R S
1= x 21+E'1,E "21+E 1, E
- 3
2 27 1% 1 1 1° 1 1
+A =+ E+ 22 L2 + P = i
X x 2 1+E 1;E '21+E' 1, E
" 3 - 3 - 3 '#
) 27 10 1 1 1° 1 1
2R =A1 | =+ E+ = + > i
2= Xx 2 1+E 1, E 2 1+E' 1, E
3 - 3 - 3 '#
DA 1 pe2Z 1 1 1 o1 1
2 -l x 21+E' 1, E '21+E 1, E
(3.147)
As
1 1 _ j26 _j2E
1+E' 1 E  1j E2~ 2
| s (3.148)
1+E 1; E 1j E2 2



" . # (3.149)

(3.150)

m=0 (3.151)

m=0 ) ’ (3.152)

R
1
X
—~
o
+
3
N
3
X
3
N

m=0
The coezcients for every power,x *™i 1 must vanish for the expansion to
be true: 8 3
> . : . ZE _
Bn(°+mM)= ®ni1i ®ny i m -t
3 5
> _ z - ZE
T m(CEM =@y -+ —
If ®n; 1 is known, these equations gives®y; m) For m =0 (® 1 =0 is
assumed), 8

-
s (3.153)

3 ¢ 3 ’
ZE - z
2°®=® | — i o+~
s s - ; (3.154)
> z _ ZE
" o0=® j-t+ — + o—
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This linear, homogenous pair has solutions if

[l |

¥ ZE=, - 4 2=, —_
S 7e e zEs =0 (3.155)
3 4 3 ’

o2, ZE 2. 5 2 2_

i i -t =0

°2 = .2, 72 (3.156)
It turn out that
o:+p.zi 72 (3.157)
is the acceptable solution and
° = P 2, 72

the irregular one (which can't be normalized). Recall that Z included the
proton chargee, = ®=1=137.036. For integerZ°,

o=y Pz, (®29)2 (3.158)

The Eq. (3.153b))

m _ it Z=, _ i Z=,
®&, m+°j ZE=,  n% m’ (3.159)

In terms of a new quantity

ZE
n= == °: (3.160)

B

A substitution to (3.153a) gives

n , #
3
ZE Z - L=
®“ ° 4 m + + PR p— nlOI n—; = ®“i 1 (3161)

B B
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Here

n 3 #
° 4+ m+ P
5 5 noi m
ZE 2§ (z=,)?
=°+m+ + -
m" . n% m "
3 ‘3 ’
1 ZE ZE
Som Crmr T it ime T 4% (z5)?
- . , . 4
= noilm i CZ+2°m+m? +(ZE=)+ % (2=,)?
n 2 #
= 0_1 L 242%; 2m i m2+ 24225 '21
=i m | {z—}
:Il
] 2°+m)
- o m
=i D™ gy (3.162)
Tl mEee s m) Mt '
(n% m):::(n% 1)
— . m
®n = (i) m!(2°+m):::(2°+1)®0
_ @i n9@i n%:n(mi 09
T omi(2° +1):::(2° + m) ®: (3.163)
(3.159)) 9
_m:.i Zz’ 2
®n n% m ')
_mil: i 4=, 03
®nj1 n% m+1
mo_ N m+1 @y )
Tmi1 n% m ®n 1
— _ o (% m+1i(n9
m = (i) m@° +1):::2°+m) * (3.164)
(3.154b))
’ y *ZE
®i-+— = 0°i — )
@ _°izE=, _ _n° |
==l (3.165)



Comparing the coezcients (3.163)-(3.164) with those of a con°ent hyper-

geometrical function,

a a(a+1) x?
Fi(a;c;x) =1+ —x+ —
1F 1 ) c c(c+1) 2!

+¢C¢

g AL = ®x 1F1(1i n%2° +1;x)
Ao = Tox 1Fa(i n%2° +1; x)
2 _iZe

= — ®x 1F1(j n%2° +1; x):

For x!'1 ,1Fi(a;c;x)! € because

)

. ®m . n“+ m 1
lim = lim 'o—! —:
mil ®p;1 M1 m(2° + m) m

Therefore the series must terminate, That happens forA, with

n°=0;1;2;:::

(3.166)

(3.167)

(3.168)

(3.169)

(n°= 0 is the ground state, n°= 1 the 15! excited state, etc.) ThusnCis the

number of nodes inA; (or in g)
For n% = 0, the coezxcients of A; have

(Li n%:::(mj nY
m!(2° +1) :::(2° + m)
1 .
ml(2° +1) :::(2° + m)®0'

®m:

®p

which converges.
Introduce the principal quantum number

n=n%jj:
Then the de nition of n% (3.160), gives

ZEn.

= 0+ ©
2 ’ . =2\/n04 032
E2= & (n0+ °)2 = (Li ET)(n"+°)
Z . Z2
2h (n0+ o)2| _ (n0+ 0)2
E< 1+ 72 = 72 )
f T
_ z2 '
En' = 1+ (n%°)2
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The - occurs only in°® = P 27 Z2 +j-j and jj -j are degenerate for
the samen! For instance forn = 2,
E251:2 = E2p1:2 < E 2p3:2: (3172)
(Note though that with QED accounted for Ezs,_, > E 2p,_,!) An expansion
in powers ofZ? gives (we still havec = 1)
172 z4hg 1l

— +0(z9 (3.173)

En i 1="0 =i =25+ — — —
ol "7l 2n2 7 n3 an! 2

Qualitative conclusions

a. Largest stabilization for j-j = 1.
b. States with samel (and n) but di®erent j are spin-orbit split.

c. Forj-j =1, both f and g diverge at the origin like r’i *. They remain
normalized. The isomer or isotope shifts, proportional to%£0), grow
by a factor of 13 for U.

d. The radial density, P? + Q?, has no nodes.

e. The radial electron density su®ers a relativistic contracton.
f. Normalization is no problem

g. Continuum, also positron-like can be solved.

h. Integrals, properties, solvable.

i. Literature: See Table 2.3 of RTAM I-11l (1986, 1993, 2000)

3.7 Virial theorems

Literature: See RTAM I-Ill, Table 2.5.
Fock (1930b), Gupta (1932), Rose & Welton (1952), March (198), Kim
(1967), McKinley (1971), M. Brack (1983).

3.7.1 Non-relativistic case

Let
I’O
rtor= o jr== (3.174)
H=T+V = i%r2+Crn

L2 %r @ +cC,inr9n (3.175)

E(,) = ,2HTi+ i hVi , (3.176)

@E_ h2 hTij n inilh\/iI =0 (3.177)

@, ’ ’ ,=1 '
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2hTi = nhVvi Coulomb: n=1

BecauseE (, ) has to be a minimum at, =1,

3 ’ h i
@E _ - .
il = + +1) ini2 >
@7 - 2hTi + n(n+1), hV i - 0
)
nvi+nn+1)hvi >0, hi<O0
(2+ n)nhvi > 0
i2<n< 0
3.7.2 Dirac
hp© = E©
hp = c®¢p0O mc?+ V(r);
V(r)= Cr"
Bound states considered:
HAA‘H
©= " ; PAA =1; PAjJAi+ BjBi=1
Ag
Again, letr ! r%= r, dr! ildrC

o) ! ,*e(r
hp ! c®¢p+ mc?+ 1 "V(r):

8 . . .

> M9c@epi©d = | ojc®¢piOi

S oY mc?jod = mc?(Na i Ng)
hoYri "jod = i "hojri "joi

E(,)=,h®¢pi+, "Vi+ mc*Nai Np)

3@E

G o0 ) |hmi=nhvi

Forn=j 1,
hTi+ hi = ci®¢pi + Vi =0
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(3.178)

(3.179)

(3.180)

(3.181)
(3.182)
(3.183)

(3.184)

(3.185)
(3.186)

(3.187)

(3.188)

(3.189)

(3.190)



£ i ni2pi
nn+1), H\/I::1>O

hVi<0) n(n+1) <0)

il<n<Qo:
Forn=j 1,
E = hTi + Wi+ mc®(Nai Ng)
E = mc®(Nai Ng):
E = mc2h i

(3.191)

(3.192)

(3.193)

(3.194)

Figure 3.1: Radial electron densities for the 1s, 2s, 2p ands3states in
a hydrogen-like atom with Z = 80. The dotted curve denotes the non-
relativistic density and the solid curve the relativistic d ensity. Reproduced
with permission from V.M. Burke and I.P. Grant, Proc. Phys. Soc. (London)

90 (1967) 297-314.

From Figure (3.1) it is seen that the relativistic contracti on is of the
order for the states 1s, 2s, 2p-, and 3p, whereas the contraction of 2g-, is
considerably lesser. The gures 2 and 4 (inside (3.1)) show tht 2s and 3s
are procentually contracted as much as 1s is. The same condion can be
drawn for all s-electrons up to the valence shell in a many-eldémon atom.

The p-shells also contract in the same way, but not as much.
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4 Dirac-Fock

4.1 The energy-expression

Subtracting the rest energymc? from E, the one-electron Dirac Hamiltonian

_ Z
hi = ¢® ¢p, + mc*(Ti i 1) . (4.1)
|
and the Dirac-Fock Hamiltonian
X X
H= h+ rit (4.2)

i
i i<j

The total wave function is the Slater determinant
a=( NN A D)A2) ::: An (N); (4.3)

where the one-electron wave functions

A= o Ph. (DA™ # A %) 1 @.4)
T iri 1Qn. (NAM (#,A;Y) '
Then the total energy
E=RjHj2i _
X Xh~~.1.~~. 1!
= Mijh]Ail + hAiAjj—inAj i h AiAjj—jAj Ail
i i< Moz ro
X X £ o]
= li + Ji i Kij s (4.5)

i i<j

in terms of the one-electron integralsl , Coulomb integrals J and exchange
integrals K .

Eq. (3.129))
| = hAjhjAi
= hgA ;i ifA, . E
hici—@+ 1+f ngttifa T CH ¢ gA ﬂii
Q@r r gA . i 2mc? ifA, .
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Z, (h3

@ i 1 i
= r2dr gci gt Ir f+Vg
+fh3 @+'+ , +(i2 2+Vfi)
c @r p g+ (i 2mc )
Z, ( h 3 . i
_ dQ f
=, dr Pc'd_r+F' F+—Q + VP
h®agp ' )
+Qc i 1+ 2+ P+ (i 2me+ V)Q
2, e © o *dQ ' :
= d ¢cQ —+ —P j cP == —Q +V()(P?+ Q% 2mc*Q? =0
0 d r d " r
(4.6)
P o1 4, P _1dP 1
9= g_FPll’—z_Fd_rlF (4.7)
We see thatl,. is independent ofm.
Consider next the general two-electron integral
T o
PAL AL —JjAAgl = haljvjcdi
22 7
AQ AQ 1 s s
= dry dLZAa(l)Ab(Z)EAC(l)Ad(Z) (4.8)
using the expansion
1Rk
o= k+1 ck(1) ¢ck(2)
12 o'
X rk X . \aek k .
= o (P DICH(C (- (4.9)
k r> g=i k
Here ro
494
k — @ k. oq. L
Cq = 2k+1Yk’ i k- g k: (4.10)
Then the angular parts
h =
hm jcgj- Il = (i)™ 2 (2 +DEj%+1) £
poo T oV
j k J‘i ik 00 (m:q+ m9)
50i5 imgm
d“(j %jm) (4.11)
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and the radial Slater integrals

k Z1 Z1 r& £ .
R*(abcg = dry dr2rk—+1 Pa(1)Pc(1) + Qa(1)Qc(2)
0 0 >

£ o]
% Pu(2)Pa(2) + Qn(2)Qq(2)
1

£ o]
= éYk(aC; r2) Pu(2)Pq(2) + Qp(2)Qqg(2) dr, (4.12)

0
where
YA 1 rk £ o
Yk(ac;rz) = r2 rk—jl Pa(1)Pc(1) + Qa(1)Qc(1) dry (4.13)
0 >
)
X
habjvicd = (i )9R*(abcgheiCjcihbCk jdi: (4.14)
kq

The 3-j symbols full

jjsmai = (2j3+1) 2 x (j )i f*izi ms j1 d2 J3 i oMo
JJsms I3 i My My | Ma JJamalj J2mol:

mi;mz
(4.15)
In other words,
" e s
= (: )ili+j2i m3(o; 1=2 J1 .
C(jai2jssmimams) = (i) (2jz+1) my mz i mz ’ (4.16)
rJnll rJn22 rJn33 = (l )jli j2i m3(2j3+1)i 1:2c(j 1j2j3;m1m2i m3):
(4.17)

The 3- symbols are tabulated by Rotenberg et al. For their symme-
tries, see p. 107 of Kvantkemi I. They can be calculated by a simplefpgram.
In the special casg1 = |, j2 = 3, C(13j;mmsm) is:

Ms
i 1 L1
|+ 1 l+m+ 2 li m+ 2
2 21+1 21+1
TSN li m+ L l+m+ 2
211 20+1 20+1

m = mj ms.

Returning to Eq. (4.11), if the quantum numbers m and m° are “xed,
only one valueg= m i m°survives.
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From

X
habjvicd = (i )9R(abcgheiCEjcihbCk jdi; [4.14]
)l(<q
haljvjak = (j )R(abalrajC¥jaihbCk jhi
kq
BT d(jama;jama)d (jpms; jpme) F (2 )
= @(jama;jemp)F¥(a;b); (4.18)
k
where
a(jama;jbmp) = d“(j aMa; j ama)d*(j bMp; j 5Mp) (4.19)
and
FX(a;b) = R*(abab (4.20)

This was the Coulomb integral . The exchange part

X
haljviba = (i )9R(abbahajCkjhihbiC¥ jai

>I(<q
= B(jamaijemp) G (a;b) (4.21)
"
with
B(m ;i M9 =[d“(jm ;j M? (4.22)
and
GK(a;b) = R¥(abbg: (4.23)

Using the symmetry rules of the 3} symbols,

0 1 0 1 _
@l 2 j3A:(i)J@jl iz i2p 5=j1+j2+j3
mi my ms o M1 Ma M2 L
:(i)J@jl iz is pa (4.24)

i M1 M2 j M3
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and noting that qis xed by g= mj m°

0 10 1
d (M im) = ()™ + %+ @ ki Ta@l Kita
O%Oi%loimqmol

£ e o
S + e %) @l Kiae Tk i A
303 maim

0 ’10 1
E 0, =2 g K jO° i ki
=(i )™+ e+ @A A
10i} imlgm
= (i )i ™ ™ (im ;) 9 (4.25)
)
d“(j ama;jomp) = (i )9d*(j pmMp; j ama): (4.26)
For one electron outside a lled shell,j,
a“(im;jMm%Y = (2] + 1) Hk; 0): (4.27)
m

Thus the k > 0 Coulomb terms vanish in case the potential is spherical. Tk
exchange in this case,

L 1_.
b (im ;iM% = @) + )i ji o (4.28)
m
with
0 1,
- . 0
ijkj0=2@JkJ A (4.29)
1p0:1
2 Y12
The total energy for a closed-shell atom becomes
E = )E<°+ EC; (4.30)
E®=  @l(A); oa=2ja+1; (4.31)
A
X nq
EC = “oa(da i DFO(AA)
A B {z }
1 Pqui 1 X 1 0
i 50 Al (21A+1)§ijAijFk(A;A)
|_2f2A_} k>0l {z }
b. c.
1 X n_. X 1 ) 0
*5 G r (ﬁziB?i Sijakis G (A;B)  (4.32)
ABAG6B —u Tk 2 {z }

e.
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a. k =0 part of the intrashell repulsion

b. 1 for a full shell, O for one electron

c. Exchange of ongj o electron with the Tled shell A

d. k = 0 intershell part (the only Coulomb term)

e. The exchange of ong 5 electron with the average shellB electron

Example 1 1 The intrashell interactions of one ps-, shell:
All radial integrals are identical. The angular parts (m m9% become

31 3 1 3 3
_ kot ko L ko . ©
a—a(22)+a(2| 2)+a(2I 2)
1 1 1 3
ket o L ket . O
vk G i G ) (4.33)
1 3
ke, £, 9
+<'3-(|2|2)

.31 .3 1. .3 3
b= H‘(E O+ Id‘(E i 5 bk(§ i 5)
PG G ) (4.39
+ 1 % i g)

Note that there are no self-interacting terms, ak(% %) etc.

Case a: k=0

k=0) g=0) m=m% No self-interaction ) the exchange term
b’(jm;jm 9 = 0.

There are sixa(m; m9 in (4.34). Their value equals 1. See |.P. Grant,

Proc. Roy. Soc. Lond. A 262 (1961) 555, Tables 1-3 or use (4.19)+(4.25).
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E.g.

°C )

3333 ,313
(5 5) = G 55 PG 55 2)
22 2222 222 1 ¢ 1
3 3 3 3
:(,)%+%'2§+1¢@?O 2a@ 292a¢
2 1o:1 303
02 '230'27 72
¢ _3 393
(.)5+5'2§+1 @0 a@ 2924 (4.35)
2 1g;1 101
0 1,0° %10 % ?1
- . 16@ 22% @ 2% @ 30a
130 3130 3igo0
. 1¢. 1¢1 J—
_,16¢|i§2'i55 “See KK I, p. 109
=1 4

(Grant, op.cit., Table 2, same result). 6£ 1 = 6. The rst term of EC, eq.
(4.32), gives

:—2Lq(qi 1) = %¢4(4i 1)=6) BFOAA): (4.36)

Case b: k=2

Similarly,

X

a? =
31 3 1 3 3 1 1 1 3 1 3
231 23 L 53 3 o1 1. -1 3 .. 1. 3
a(22) 3(21 2) a(zl 2) 3(21 2) a(2| 2) a(.2| 2)
1 1 1 1 1 1
— il P = + + — i =
25 25 25 25 25 25
2

= 5 (4.37)
Symmetries:
a(im;jm9y = aGM%jm) = aG i m;j% m)

=a(j i m;j%m9=a{m;j% mY (4.38)
B(m;j Mm% = B M%jm) BG i m;j% m9 (4.39)
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The coexcients b are given in Table 4 of Grant. Here,

X
2 =
3 1 3 3 1 1 1 3 1 3
bz(— —) bz(é i §)+ bz(é i §)+ bz(é i §)+ bz(é i §)+ (i > i é)
= 3 + 2 +0 +0 + 2 + 2
~ 25 25 25 25
8
= = (4.40)
The radial parts R(abal) = R(abbg = R(aaaa). Adding,
X X i 2¢ i8¢ 2
i B=lipi o T (4.41)
In eq. (4.32),
1iqi 1¢ 1 _ 1.1 2
50 (2 +1) 5i 303 = i 2¢4¢ ¢4¢2clb{jz—? iz (442)
Grant, Table 5, p. 570
4.2 The Dirac-Fock equations
The two-electron energy (4.32) equals
1X  Z1geh
E€=5 & — PR+ Q) £ (4.43)
A 0
( Z 1 1 h | E
(gai 1)r ) Eds P2(s)+ Q&(s) a.
X Z1 4 h i -
+ Bl —ds P3(s)+ Q3(s) .
B6A o > )
z h [ -
11 tork ' C
BT @a Dt o PROT QA9 ds T
k>0 o' B
1 X X 1 1 a1k -
s Z
i 5 Gals  Sijakis dr ds—or d.
2 2 0 0 r
(i “ ih

i
£ Pa(s)Ps(s)*+ Qa(s)Qs(S) Pa(r)Ps(r)+ Qa(r)Qs(r) :

When introducing the variation, ¢ Q, a factor of 4 will appear in each of the
four terms, from:

a. ¢( Q% =2Q¢Q, both ¢ Q(r) and ¢ Q(s)
b. ¢(Q?)=2Q¢Q,A=ior B =i
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c. As a.

d. Q(r)or Q(s), A=ior B =i
(4.44)

In terms of the variations ¢ P and ¢ Q, the variation of the two-electron
energy becomes

Z 1 DI‘ h |
EC =20n — PaCPa+ Qat Qa £ (4.45)
0
(@ai Dr , Eds PA(s)+ Qa(s)
X Zy 4 h i
+ GBI —ds PZ(s)+ Qi (s)
B6A o >
X da i 11 z 1 rk h i )
i 5 2 @A+ D iakal T PZ(s)+ Qai(s) ds
k>0 >
X X Z, Z4
i Oa 0B i jakis dr ds
0 0
Beh K in i
£ Pa(s)Ps(s)+ Qa(s)Qs(S) Ps(r)P¢Pa+ Qg(r)¢ Qa :

We introduce the auxiliary function

X
Ya(Air) =i (dai 1)Yo(AJA;r) | s Yo(B;B;r)

B6 A

X i 11 _

B o 1) g Ye(AAT); (4.46)
wo A 2

where
Z, rk h [
Yk(acr)=r I’k—:l Pa(s)Pc(s) + Qa(s)Qc(s) ds [4.13]

0 >

could be interpreted as ane®ective electronic chargecontaining both inner
and outer screening.
Orthogonality leads to the Lagrange coezxcients", whose variation

h X X I
¢"=¢ E i qA"AA NAA i qACB"AB NAB ; (447)
A A6B
where
Z,
Nag = (PaPg + QaQg)dr: (4.48)

(]

61



Introducing "a = mc? Ea, eq. (3.134) gives

8 —
2 o(P%+ —P)+(imc®+ Vi me?i ")Q=0 “+ Qf
r - (4.49)
T oQ% —Q+(ime?i V+me?+ )P =0 i PE
h _ o
"(P?+ Q%) = c QP%+ —QP | PQ%+ —PQ i 2mc*Q’

+V[PE+ Q7] .
|
c QP% PQY+ ZT'PQ i 2mc?Q? + V[P? + Q?](4.50)

The variation of this one-electron term,

Zinh 2. i
¢"A = Qa c ¢QP%+ Q¢ P% ¢PQ% P¢ Q%+ T(F>¢Q+ Q¢ P)
0
(0]
i 4’Q¢ Q+2V(P¢P + Q¢ Q) dr: (4.51)

From ¢ P = ¢ Q =0 we get by partial integration

82, Z,
3 Q¢ P%r = Q% Pdr
Al 2 (4.52)
3 P¢ Q%Ur = i P% Qdr
0 0

Hence the variation of the one-electron energy

z 1n
¢"a =20aC ¢ QaPR +¢ PRQR + —(PaC Qa + Qal Pa)
0
1 0]
i 20Qa¢ Qa+ _V(PaCPa+ QatQa) dr
(4.53)

Adding to this the variation of the two-electron energy, ¢ EC, eq. (4.45),
and subtracting the Lagrange multiplier terms for normalization and orthog-
onality, we get
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Z, n
200C ¢ QaP2 i ¢ PAQY + TA(PAcr Qa+ QaCPa)  (4.54)

0
(0]

1 -
i 2cQa¢ Qa + EVn(PAq: Pa+ Qa¢ Qa) a.
Z1 4h i -
i 20 r PAC Pa+ Qa¢ Qa Ya(A;r) b.
0 _
X X Z 1 dr -
i OACB  ijakis TYk(A; B;r)[Ps¢ Pa+ Qr¢ QalcC.
B6A k 0 B
Z 1 J—
i 200" A (PAC Pa + QaC Qp)dr d.
x 0 Za =
“e.

i 2 Oa0B "AB (¢ PaPg +¢ QaQp)dr =0:
B6A 0

a. one-electron

b. use (4.46)

c. (4.45), inter-shell exchange
d. normalization

e. orthogonality

In the last term (e.), a factor of 2 comes from the possibilities A" = A
and "B" = A. Dividing (4.54) by 2gac the coexcient of ¢ Qa and j ¢ Pa
become

. 1 1
PR+ —*Pa+ [ 2%+ Voi —Ya(Ar)i "anlQa
x h- X . 1 . . . 1" . i —
+ B i leijZ—qu(A,B,r)l (—:AB“—“('A,-B) Qs =0

B6A K
0, A 1. 1 . "
Qa+ TQA + E[l Vih + FYn(A:r)+ AA JPA
x X 1 1 |
+ O8 i jakis Z—UYK(A?BJY)"' E"ABi('A;'B) Pg =0
B6A K

(4.55)
These are the Dirac-Fock equations for a closed-shell atom. Wimay set

YA = Vot V(AN = 2+ Va(AE)] (450)
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4.2.1 The relativistic Koopmans theorem

Multiply (4.55a) by cQa, (4.55b) by | cPa, add, integrate and suppose
"ag =0:
Z, " 3 . 3 .
o oQa PR+ oPa i cPa QRi FQa i 20QF (4.57)
3 ,

1
+ Va(PR+ Q)i "aa(PR+ QA)*+ (PR + QR) i FYr;LTSA;r)
X X

1
+Cc  0g(QaQp + PaPg) ijAijﬁYk(A;B;r) dr =0:
B6A K
)
Zih 3 . 3 . i E
"An = PO+ —Pa i CPa Qi —Qa i 2%Q3i+Vn 1
AA cQa Pa Pa i A Qa i rQA i Qa n A
0 _
1 il X 1 -
+ dr(P2 + Q%) + Yo(A;A;r) + Z0g Yo(B: B ;r)J4:46]
0 r BeA "
X #
i 11 .
i % i (2 A +2)i jakia Y(AAST)
ZJAI' 2
k>0
X X 1
+c  B(Qa(r)Qs(r)+ Pa(r)Pe(r))  ijakis EE
B6A K _
Z, k —

"y r.r(—il[PA(S)PB(SH Qa(s)Qs (s)lds 14:13]

X
= Ia+(0ai DFOAA)+ e F°(A;B)
B6 A

X .

i M}(ZjAJfl)i inkin FE(ATA)
>0 2]A 2
R g X )

i > ijakig G (AB): (4.58)
B6A K

A comparison with the total energy, (4.32) shows this to be the di®erence
E(da)i E(dai 1) =

4.2.2 Multicon guration treatment, a simple example

(C. Briangon, J.P. Desclaux,Phys. Rev. A 15 (1976) 2157)
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The total energyéfor a p*(J = 2) con guration. At the LS-limit,
i

1Mp_
3 j°Pai = P 2pPp%i + jppi
S ’h p_ (4.59)
Z °Dai = P ipPplii - 2ipp’i
Generally,
. . L. 0. p o 5. 3.
jJ=2i=appi+ 1i agjpp’i; (4.60)
with the total energy
Er = &Ea(p’p)) + (1 i a*)Eav(bP’)
4 oo i s A2 -
i zaFApp)+ z5(1i a)Go(bip)
8 p— p - 5 2
tgg 28 li @R%(pipipiD: (4.61)

4.2.3 "Average-of-con guration" treatment

Assume that all jjmi states of the one-electron states are equally probable
in the many-electron wave function.

Example 2 1 lodine, 5°.
The hole can be in the P or the 5p shell. They have 4 and 2m; -states,
respectively. Therefore the statistical weights are‘g and % respectively.

Example 3 2 Ground state of uranium, 5f 36d.
a) f -con guration.

1_7
| = fij=3+ -=-; 21+1=
3, Ti=3+35=35 72 8
1_5
fij=38) 2=2; 2j+1=
] =3 5= 5 4 6
— P
cong f3 f2f ff 2 f3
weight | °2% =20 | 52 ¢8 =120 | § ¢&7 =168 | 8% =56 | 364
= 5 = 30 = 42 - u
91 91 91 91

Note that you have to include the permutation of electrons, n!, in the
weight calculation.

b) d-con guration
l=2; d:;j=2+ ; 2] +1=6

. 2 +1=4

NI WNI Ol



cong| d | d
weight | 4 6 |10

|
ain

|
ulw

Altogether eight jj -coupled con gurations:
cong | df3 | df2f | 4ff 2 | df3
weight | 2¢5 | 2¢30 | 2¢32 | Z¢ld

weight£ 455 | 10 60 84 28
cong | df® | df2f | dff 2| o3
weight | 3¢5 | 2¢30 | 3¢ | 2¢ld

weightE 455 | 15 90 126 42

4.3 Numerical solution of the Dirac-Fock equations

Choosing the variable
t=Inr (4.62)

and the step lengthh = ¢ t = 0:05, one usually obtains a precision of about
9 "gures (for E1). About 200 radial grid points, r;, are needed between
the rst point and the pra,gtical in_r’r_i;y. All wave functions Pa;Qa and
potentials LY (A;r)and 2 goaO8  kijakis Yk(A;B;R) are expressed at
the r;.

The integrations outwards are started by the series expansin

P(r)=r"(po+ par + par?+ ::2)

. , (4.63)
Q(r)=r1 (q+ ur + pro+  ::3):

After suxciently many points are obtained, a ve-point Adams predictor-
corrector method or some other numerical method is used. Consider

d
Yoz o= TV + 90 (4.64)

The new, (n + 1):th point is obtained by combining the predictor

— LE 0. 0 o . 0 o ©°
Pn+1 = Yn + 720 190y, i 2774, 1+ 2616y, i 1274, 3+ 251yp; 4
(4.65)
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and the corrector

o]

h £ 0 0 0 0 0
Cn +1= yn + ﬁ) 251pn+1 +646yn i 264yni 1+106yn1 2i 195/ni 3

(4.66)
to
1 £ o] ;
Y+l = 555 47Xn+1 +29pn+1 + O(hY) (4.67)
The outwards integration becomes unstable after the (e®ecte, radial)
potential, V(r) = j %Y(A; r) crosses the eigenvalue,

Figure 4.1: The instability of the integration depicted

Similarly, the inwards integration becomes unstable afterthis point. The
solution is to t the two integrations at this point.

In "Method 2" one solves both the orig|i51al inhomogeneous di®ential
equations and the homogeneous ones with g5, = 0. Then every linear
combination of the two solutions is a solution.

The coezcients of the homogeneous solution®, follow from

Pl(ri)+ ®&P"(r)) = P&(ri)+ ®&PA(r))

i h i h (4.68)
QL(r)+ ®& QL(r)) = Qr(r) + ®QR(r);

at the matching point, r,. Here i=zinhomogeneous, h=homogeneous, L="left"
(r<ry), R="right" ( r>r).

This solution ful'Tlls the boundary conditions but may not be n ormal-
ized. Normalization by a constant is not allowed because thesquation is
inhomogeneous) the eigenvalue of'aa is chosen to obtain normalization.
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Actually it suzces if we converge towards a normalized soluton. Let

"= "aa. Then
Zl Z1
P2rQiarr2e - P@P0@Q0 L1 (460
0 0 @ @"
By rst di®erentiating the original Dirac-Fock equations,
8
2 4°@r, @p, f()—..— Q
dt, @", @" 2c (4.70)
>d @Q | @Q, g(r) - Llp
i @ '@ 2c

these derivatives can be solved by the same subroutines & and Q them-
selves. Then (4.69))

R
1§ o (PR+ QR)dr.

|n¢
2 01 PA@R +QA@Q dl‘

£y = (4.71)

In the old Dirac-Fock One-Center Expansion (DF-OCE) method, four
numerical methods could be used:

1. 2 Calculate only A, put P = P} + @rPJ.
2 Fit Q by changing".
2 Finally normalize by force (inner shells) or by using@ P =@molecules).

2. Previous method. Normalize by adding toP some amount oft" £
(@P=@."If the number of nodes requires it, change'. The continuity
is guaranteed.

2 Fit " by (4.71)
3. Use both® and ®. Use (4.71). For wrong number of nodes,

4. change" to get the right number of nodes.

4.3.1 Speci c features of the DF-OCE method

2 Each MO consists of adominant AO and other AOs. Example : For
the i7 MO of CH4, 2[33=2 +4d+4f.

2 Use for the dominant component Method 1 and for the others Mehod
3 or, if necessary, Method 4.

2 Then the dominant component xes" (which is not changed in Method
3 for the other components).
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2 After treating the entire MO, set the common
X

"Mo = N (AO) " a0 (4.72)
AO

(SOLDMO , lines 175-177)

Then correct it by setting

"MO ! "MO + |D

P
g o, oF
2 5 (Pip+ Qig) i
(SOLDMO , lines 178, 180)

(4.73)

P e
2 After treating the entire MO, normalize it by the coexcient[  ; Ni] =2
(SOLDMO , lines 157, 204-211)

Some results:
Desclaux and Pyykk& (1974): the bond-length contraction

D&P (1976): the Ag/Au di®erence
D&P (1976): p bonding in TIH.

D&P (1977a): TiH 4{(104)H 4. Trends.

D&P (1977b): (114)H4 & PbHa.
D&P (1978): MoHg/WH 6. Re; De; ko; Oxidation state.

P (1979b): MH*, MH», Groups 2 and 12.

P (1979c): LnH, AnH.
[See Table 7.3 of RTAM 1.]

The iterations can be speeded up (by roughly a factor of 2) by ging a

convergence factor®.

Let Pl; Q! and P[;Qf be the initial and nal values during the n:th

iteration. Choose

Pl (r)= T[®P) +(1 i ®P;]

i o f | (4.74)
Q1 (r) = "[®Q +(1 i ®Qy]

Here  is a normalization factor and ® is restricted to

01- ®- 09

and is calculated every time from the change

¢ Ry, =max[PL(r)i PI(r);QLr)i QL (I:
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5 Symmetry

5.1 Rotation Operators

Consider a scalar eldf (r).

Example 1 : The temperature at point r
After a rotation of the coordinate system, the same eld is desribed by
the new function f qr9, with

%= Rr (5.1)

Here the operator R acts on the coordinates. Introduce now the operator
Pr, which acts on the function f in Hilbert space, making it follow the
rotation of the coordinate system:

fqr9 = Prf(r9 = f(r) (5.2)

Active interpretation : In the left-hand equation, fqr9 = Pgf (r9, the
operator Pg changes the functionf into f°

Passive interpretation: In the right-hand equation, rewritten as f (r9 =
Pk 1t (r), the operator does not change the function but acts on the cordi-
natesr, changing them to r°

Example 2 : Let f (A) = e and RA= A°= Aj ®, a positive rotation
through ®:

Figure 5.1: Positive rotation through ®
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Then . _ U
P = ey = 4 9

f O(A) Pr f(A9 f(A)

5.1.1 The Euler Angles

Consider a right-handed coordinate systenOxyz and positive rotations (like
in g. (5.1), R, pushing a right-handed screw towards +z). Introduce the
rotations

(i) Rotation Rz(®) through ® around O; (Oy ! Oyo)
(i) Rotation Ryo( ) through — around Oyo(O, ! O00
(i) Rotation Rz ) through © around O ,0(Oyo= Oyoo! Oyood

Then eq. (5.3)) (replacing m by the operator j,)

fO(L(b = e®0f (L(b (5.4)
fORr% = el yoor 419
= i yood® 00 (L09 (5.5)
(O = oo oy
= il 2000 ] y00qi®] ;00 O?LOOP (5.6)

in the active interpretation using temporary coordinates O, O?,.
The Pr operator of the type (5.2)-(5.3) becomes
Pr(®°)=elizdlvg®: (5.7)

With this operator, the same coordinates must be used on botlsides.
If "xed rotation axes, Oxyz, are used, one should replace’(® ) by (® °)
in the operator Pg.

Rotations Axes Operations
1.(2) 2.(y) 3.(2)
Active Fixed ° B ®
Active  Temporary ® B °
Passive Fixed i ® i i°
Passive  Temporary| j ° i i ®

5.1.2 Rotation of Spherical Harmonics.

In the active, temporary picture, the rotated function becomes

Zq#%9 = ei “I20¢ 1 yod®iz0y, - (#9A9 (5.8)
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In the passive, temporaryrepresentation

Yim (#OA% = exl i®jzgi I']ygil’] 2Y\m (#A)
D! oy (®7 )Y |mo(#A) (5.9)

moO
Here the rotation matrices (Wigner matrices)
Dl oy, = HmYel ®zgi TTve I zjmj (5.10)

The temporary rotations 1:®, 2:, 3:° bring Oxyz to Ox%%°

5.1.3 Rotation of jjmi Functions
Because thgjm i functions, with half-integer j, obey the same commutation
rules as those with integerj, we may simply substitute | for j:
X
Pilijmi= D!, (®)jjm9 (5.11)

mo

5.1.4 The 2-to-1 Homomorphism from SU(2) to SO(3)

The special unitary group, SU(2), consists of all unitary (UY = Ui 1),
unimodular (detU = 1) 2 £ 2 matrices. We may regard it as the group of
all three-dimensional rotations, spanned by the spin vectos

11,
2 1= ®= JE E|
>~ 1i (5.12)
2= = 12 >
A Pauli matrix %; transforms under the rotation U to
)z
U3uy = %A (5.13)

i

The matrix A is real, orthogonal (AYA = 1) and unimodular and belongs
hence to thespecial orthogonal group SO(3) (consisting of 3£ 3 matrices),
isomorphic to the group R(3) of all three-dimensional rotations.

X
Rm;RY = m;j Ajji (5.14)
j
where the vectorsm; form a cartesian basis.

Consider now two elements,U and V, of SU(2) and two elements, A
and B, of SO(3), ! R(A) and R(B). A comparison of (5.13) and (5.14)
yields the mapping

u'! A (5.15)
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Letting V! B, (5.13))
(UV )%(VYUY) = U¥%B;j (5.16)
Hence (5.15) is a homomorphism. In particular, as
U%UY=(i U)%G U) = %A )8 Ul A; (5.17)

it is a 2-to-1 homomorphism, exactly two elements ofSU(2) is mapped to
exactly one element ofSO(3).

As the angular momentumj = ¥#2 for SU(2), the matrix operator for
a rotation through A around n becomes (recall (5.3)):

% i(3 A= A . . A
U(n;A) = e (A= = ¢og 5 +i( %an)sin 5 (5.18)
Hence
Umn;2v = i 1 (5.19)
U(n;4) =1 (5.20)

5.2 Double Groups
5.2.1 Non-relativistic Case with Spin

Let G be the non-relativistic or simple group. Its elements, like the pure
rotations, R;j, commute with H,

[H;Ri]=0 (5.21)

The spin space is entirely decoupled from coordinate spacé.he total sym-
metry group is the direct product

G = GE SU(Z) (5.22)
For a Coulomb potential, Gy is larger still (Fock (1936)).

5.2.2 Relativistic Case

Now the space and spin variables are coupled. Only thosd; 2 SU(2) which
correspond to anR; (by (5.15)) can be included in

G" = f§ RjUijg %G £ SU(2) (5.23)
The two signs correspond to those of (5.17). LeK be the set of all such

U;:
K =f§ Ujju! Rig (5.24)
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K and G* are isomorphic,K 2 G". The relations between the four groups
are seen in gure (5.2).

Figure 5.2: Group relations

5.2.3 Improper Rotations

The improper groups, G are either direct products
G’= GE£ C (5.25)

whereC; = fE;| g contains the inversion, |, or isomorphic to G. In the rst
caseGP contains | .

Example 3 :

Th = T £ C; = fE; 3C,;4C3; 3CS 'gUfI; 3944SL ; 4Ssg (5.26)

5.2.4 The Group 0O(3)

All improper groups, G° are subgroups of the groupO(3), which is obtained
from SO(3) by adding the improper rotation with det A = 81. 1

i1l
If the inversion is included, it commutes with all otherelements,% i1 §

i1l

0 1
1
being a multiple of | = % 1 %

1
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5.2.5 The Double Group is a Symmetry Group of the Dirac Equa-

tion.
Consider
hp = c®¢p+ mc?+ V (5.27)
with 0 1 0 1
3
g=@%%. —-@ Oa (5.28)
% 0 0Oijl
and de ne the transformation matrix for the it" rotation as
0 1
up=a"i %A (5.29)
0 U;
Consider the group
Gp = f§ RjuPg2 G (5.30)

This rotation transforms the kinetic energy to
0 1

3 y
(RiUP)@epRUPY =@ O UHU
U3%4UY 0

= ®PmAKAmMKk = ®npm = ®C¢p

A RpcRY (5.31)

Thus the kinetic energy remains invariant under the double goup opera-
tions.
5.2.6 The Element E

Bethe (1929) arrived at the double-group concept by including in the group
the new elementE, corresponding to rotations through 2¥4 for which

E2=E (5.32)
Example 4 :
C,=fE;Cyg; C5=fE;CyE;Cy= ECyg (5.33)
In general
A= EA (5.34)
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5.2.7 Elements of Double Groups

In the multiplication table of a double group the new, barred, operations
are mixed with the others. For rotations around the same axis

(
Rj; forO<R{<Y
CzRi = Ri: f - (5.35)
j; fori “a<Rj<O0

Figure 5.3: Multiplication of rotations in a double group. From Koster et
al. (1963).

The properties of the inversion are

Il =E;, It=§, ft=E IR =S IR;=3§ (5.36)
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As

we get
¥%Co= IC2=IE=[6 1! (5.38)
Y%YE (IC)(IC)= C2=E (5.39)
Y¥= %%k = EE = E) (5.40)
¥il=m (5.41)
Also,
fE;¥g-f E;Bg= fE; ¥%E; F{’%}lg (5.42)
Y
Yl= E (5.43)
YE = % (5.44)
EY 1= EY%= EE¥%= % (5.45)
For a rotation C,,
Ch=E, CM=E) (5.46)
EC, = C'C, = C,C = C,E (5.47)
Furthermore,
(
Rj; forO<R;<%
CoR;i = [5.35]
Rj; forj a<Rj< 0
)
(
§: for0O<R; <Y
¥R = ICoR; = (5.48)

S;; forj 4<Rij< 0

5.2.8 Irreducible Representations ("irreps")

The order of the double group, #G" = 2(# G) = 2g. Hence its irreps must
satisfy
X
n?=2g (5.49)
i=1

r being the number of irreps forG®.

Example 5 :
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Both C,, and C,, have g = 4. They satisfy (5.49) by

Con:(12+12+1%41%9)+(1%2+1%2+1%2+1%=8 (5.50)
Cov: (12+12+1%+12%)+ 22 =8 (5.51)
i1 N i4a is

Thus all relativistic molecular orbitals of C,, belong to the same irrep, is.

Note that, for an even number of electrons, thetotal electronic symmetry
still belongs to j1ii ia4,J being an integer (for higher symmetries, when
applicable).

The reps of G are also reps ofG”

We have a 2-to-1 mapping fromG” to G and a n-to-1 mapping from G
to repsfj g. Thus we have a 2-to-1 mapping from G® to a single matrix of
the representation j.

The original irreps of G have basis functions,jjm i, with integer j. For
their characters

ADA) = AD(A) (5.52)

The additional irreps of G” have basis functionsjjmi with half-integer j.
For them

ADA) = ; A(A) (5.53)
Herei is the irrep in question.

5.2.9 Classes

The number of classes equal the number of irreps,

k=r (5.54)

The character of the rep, spanned by the functionsjjmi, = Qb
becomes U

AD(1 ) = S'”;Jm*%!z)- (5.55)

For | = Yand half-integer j, Ai)(%) = 0. Therefore Al)(Y4+ 21) =

i AU)(¥) = 0, as well. Thus A(Cy) = A(€,) ) C, and ¢, may or may
not belong to the same class.

For n, 2, one always hasA(C,) = i A(C,) and here C,, and ¢, belong
to di®erent classes.
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5.2.10 Theorem of Opechowski

Opechowski (1940): C, and &, belong to to di®erent classes i, 2. For
n =2, C, and &, belong to the same class if and only if the group contains
another C,, perpendicular to the C, considered, or if it contains a symmetry
plane, ¥ containing the C, considered.

Similarly, S, and &, belong to di®erent classes except if there is &
containing the C, axis, or another C, perpendicular to it.

The re°ections ¥%aand ¥ibelong to di®erent classes, except if there exists
another % perpendicular to it, or a C, in the plane %

Example 6 :
Character table and basis functions for the groupD3,:

Dan |E B 3 2C; 263 255 2% ggg % m  Bases

i1 1 1 1 1 1 1 1 1 1 a R

i2 1 1 1 1 1 1 1 -1 -1 a s,

i3 1 1 -1 1 1 -1 -1 1 -1 a zs,

i 4 1 1 -1 1 1 -1 -1 -1 1 a z

is|2 2 2 -1 -1 1 1 0 o0 a &IS)
-(Sx-1Sy)

i 6 2 2 2 -1 -1 -1 -1 0 0 a i 3f€is

iz |2 2 0 1 1 "3 P3 o o ¢ %’ 2)

Py Pg

3 3 0 0 C i7E i3

Ar3._3
iv|2 -2 0 -2 2 0o 0 0 o c Nz

We observe that: D3, = fE; 2C3; 3Cy; ¥a; 2S3; 3%0

a. The order of D3y is 12. The representations i7{j ¢ satisfy (5.49) by
22+22+422=12,

b. The elements¥, and %, belong to the same class because the, axes
lie in the ¥ plane. The "vertical" % and ¥ belong to the same class
both because of theC, and because of4. C, and ¢, belong to the
same class because of either 34 or one %,.

c. By Opechowski's theorem,C3 and &3 belong to di®erent classes. So
do Sz and $;. The elementE forms its own class. This gives the three
classes, imposed bk = r, eq. (5.54).
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5.3 Construction of Relativistic MO:s
5.3.1 Projection Operators

The functions A" belonging to row , of irrep k can be projected out from
an arbitrary function by using the projection operator
X
Pl = 2—; i ©(A)°0a (5.56)
A

Hereg=# G, ny=dimension if irrep k, i (¥/(A) is the representation matrix
for group elementA in the irrep k and Opa is the symmetry operation A.

One can rst operate on an arbitrary function, A, by Pfk) obtaining
A= plIA (5.57)
One then obtains the partners ofA'f by
Ak = pPRA (5.58)

Suppose now that the basis functions in our LCAO-MO consist ofatomic
spinors,
M P A (AT
A = = yim A .
Aim = ¢ QA i (# A) (5.59)

The bispinors A“m = jI%jmi transform under the rotations according to
DI(®°).

As noted by Ros8n and Ellis (1979), then the result of the projection
operator becomes

Nk )@g

. (K)rpym X A yleap) o
PR T A<Dl (@) (560)

A=1 mO=j j

Po(’k)AjIm =

Here ¢a = 1 if A contains the inversion operatorl and ¢a = O otherwise.
Note that, outside the symmetry center, the result of OAAJ-t may be shifted
from the atom t to other, symmetry-equivalent atoms.

Im

Example 7 :

(PyykkA and Toivanen 1977): Relativistic symmetry orbitals for the
double group D3,. The origin is situated at the symmetry center. The
variable sis +1 for - < 0 and -1 for- > 0.
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irrep even | odd |

8 8
1 5
. ilj 2| ilj 2|
o gk oz
. ilj 2| ilj 2|
A R T
ilj 2| ilj 2|

> sli-oi 7 sl o
/1) 5 /1) 5
Latest program: J. Meyer et al. (1996).

5.3.2 Coupling Constant Method

For the required coupling constants, seekoster et al. (1963) or Altmann
and Herzig (1994). One now rst constructs the non-relativistic MO:s, u',
and then couples them with the spin functions,

- 11
R, =050 51 =
- T 1 (5.61)
T4 iz Ziz @

#- 12, 2| ;

using the coupling constantsor Clebsch-Gordan coezcients u'X :

X
A= Ul Ul (5.62)

JLnu
1

The non-relativistic funcitons u' are expressed in thglm,i representa-
tion. From that jIm|%mSi representation, (5.62), one can pass tgl %jmji
representation using the Clebsch-Gordan coexcients

j

1 .
ms n|+§ J' 2
T leme+ L T imel
1 AL S amrs
2 20+1 I 20+1
1 li m+ 3 I+m+ 3
I 2 20+1 20+1

This method will automatically give the correct phase between thej =
| § 3 components.
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5.4 Time Reversal
5.4.1 Non-relativistic Case

Time reversal is obtained by complex conjugating the wave faction,

TA= A" KA: (5.63)
Let T = K (complex conj.), [H; T]=0.
ii~@@fA: HA ) ii*@i@t)% = T(HA)= H(TA)= HA®  (5.64)
5.4.2 Inclusion of Spin
Now
TA(r;s) = (i )®A(r;i 9)™ (5.65)
This operator T is antilinear,
T(aiAr + aAy) = ajTAy + a5TA; (5.66)
and antiunitary , o o
HT AgjT Azl = hAyjA;i: (5.67)

5.4.3 n-electron Wave Functions

We now can write T as the product of (antiunitary) operator K and a

unitary operator U. Possible choices are
0 1

T= YyYe YK = @ i'a (5.68)
u

i 0

5.4.4 Kramers' Theorem

For a system with an odd number of electrons A and TA are orthogonal.
In general, for arbitrary A and A,

hTAITA = HJKAjJUKAI = KKAjKAI = hAAI (5.70)
yh TAA 29 WTAT2AI T2A= A
= HrAjj Ai = ihTAJAi =0 (5.71)

Note that the equivalence used,T?A = j A, only holds for an odd number
of electrons!

In the absence of magnetic eld, all energy levels of such sysins are at
least doubly degenerate.
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5.4.5 The Cases (a), (b) and (c) of Wigner (1932)

Consider the representation matrices,_j, of a group G®. The operator T
either does or does not give new, degenerate functions, spaing the repre-
sentation matricesf. The following possibilities exist:

a. i may be real.

b. i is complex and non-equivalent to_j*

c. i is complex and equivalent to "
Then:

a. The degeneracy is doubled (fromn for j to 2 n. The functions A and
TA belong to the same irrep.

b. The degeneracy is doubled. IfA spans the irrep j, A® spans another
irrep j °.

c. The degeneracy remains.

According to the Frobenius-Schur  criterion,

8
n > 29; case (a)
A (A?) = _ 0 case(b) (5.72)
A=l " i 2g9; case (b)

5.4.6 Further Examples

Some other examples of time inversion are considered below.

Momentum
, .
T(PR)= T (ii~r)A =(i~r)A*= i (pTA (5:73)
Tp= i pT; the sign ofp is inverted! (5.74)

Angular momentum

l=rfp _(5.74), p changes sign under time inversion
) TI=iIT (5.76)
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Spin-orbit Hamiltonian

2

4amc?
hso (5.77)

hso = (%£r V)¢p both %and p change sign,

Spin functions

o ulﬂ_ . uoﬂ
0
_ BT
Te=(i )2~ 29 2 (5.78)
ulﬂ
T=(i )N Pe= i (5.79)
0 1
@0||A“lﬂ (5:68) 0 _“Oﬂ
i 0 1 i
O iy TR
@0 i IA 0 — | 0 _ |
i 0 ' 0
0 1
Résch: T = @ i 1A )
1 0
( _
T®=
S, (5.80)
|
Eschrig :
0 10 1
T3( @) = % 10 % e ip¥ (5.81)
cp.=A
10 c(px +ipy)=A
0 i 1(px Py) 0 1
0
= 0P = o ipe 1 = a0
lc(px| ipy)=A c(Px i ipy)=A
cp,=A i Cp=A
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Compare the above with (3.45). Still, T? =

[l

External electromagnetic “elds
Invert the currents,

o0 Al A (5.82)
5.5 Quaternions
For complex numbersz = x +iy = ( x;y) both addition:
GY)+(XY)=(x+ Xy +Y) (5.83)
and multiplication:
GY)OGY ) =(xX | yY;xY + yX) (5.84)

are de ned. The multiplication is
a. commutative, 21z, = 2,23
b. associative a(bg = ( ab)c

C. NOrM-coNserving jzi1zaj = jzijjzaj, jzj? = x? + y?

Question: Can (a)-(c) be satis ed for more than two ordered compo
nents?

Answer: Hamilton and Cayley (1843): Forquaternionsq= (a;b;c;d,
with jgj? = a2+ ¥ + ¢ + d?, a non-commutative product with (c) can be
found.
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6 Molecular Orbital Methods

6.1 Semiempirical methods

As a general philosophy, the purpose of semiempirical caldations is to
produce good insight, not to produce bad numbers.

6.1.1 Extended HAckel Methods

Include all valence electrons. Diagonalize an e®ective, oreectron Hamil-
tonian

[Hi EiSlci=0 (6.1)
hab = (KSap=2)[haa + hpyl (6.2)
haa = ®, (6.3)

K is the Wolfsberg-Helmholz  constant and has a value of 1.75.
The overlap matrix S us evaluated using (single- or multiple3) Slater
orbitals:

Sap = hajbi (6.4)

The total energy is approximated by the eigenvalue sum

Er= E (6.5)

Carry out Mulliken population analysis. Can be made charge-iterative.

Historical origins:

2 Mulliken 1949, Wolfsberg and Helmholz 1952; Eq. (6.2)
2 Longuet-Higgins et al. 1954, Lipscomb et al. 1961

2 Ho®mann 1963

Use in "quasirelativistic mode":

2 Ho®mann school, including band structures.

For a review on relativistic semiempirical methods, see PykkA (1988b).
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6.1.2 Zero Di®erential Overlap Approximation

Include all valence electrons. Start from the Hartree-Fock guations

FA1

[T+ Vn)z' Ve + WA
EiAi + Eij Aj (6.6)
i6i

and set systematically all products of two AOs,

AnAy = apA2 (6.7)

in the potentials V¢ and Vi, and in S.
The total energy is calculated as

Er =R jFj2i (6.8)
with the single-determinant wave function

2= JAD)AL2) ] (6.9)

Various versions

2 CNDO (Complete Neglect of Di®erential Overlap): Include onl the
integrals

haa (1)bs (1)jrizjcc (2)dp (2)i
= #aB tabtcp *ed(@djico) (6.10)

2 INDO (Intermediate NDO): Add all one-center integrals. Exchange
introduced.

Quasirelativistic ZDO models

2 Baa 1987{, RAsch/Zerner et al. 1987{. Use relativistic data.

2 M. J. S. Dewar et al. (1985): Empirical MNDO or AM1 parame-
ters for Hg, Pb. See review by J. J. P. Stewart,J. Computer-Aided
Mol. Design 4 (1990) 1-105.

2 See Table 7.7 of RTAM I11 (2000).

2 Thiel and Voityuk (1996): MNDO for d-orbitals, CKl, Zn{Hg.
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6.1.3 Inclusion of Spin-Orbit Splitting

Many calculations since late 1960'ies, see refs. 69-102 in PyykkA, Methods
in Comp. Chem. 2 (1988) 137-226. Simplest alternative: include the one-

center SO term,
cgqters

hso = 351 ¢s (6.11)
9
This obviously doubles the Hamiltonian matrix (for ® and =~ spin).

ZDO Methods with SO Splitting

2 Baza (1989, 1990ab): Relativistic CNDO/1. Applications on di- and
triatomics, Auz*;:::
2 BAhm et al. (1989): Relativistic ZDO. Fe,, n =12 14.

2 Kotzian et al. (1989, 1991, 1992), Kotzian and RAsch (1991, 1992):
Relativistic INDO/S { CI ('S’ for spectroscopic). Diatomic hydrides
and oxides. LnO. [Ce(HO)s]**.

2 Jahns et al. (1992): INDO/1 ('1' for ground state) [(Cp 5M)2CgHa),
M = Sc, Lu. Agostic M...H attraction reproduced.

2 Minaev et al. (1989): Relativistic MINDO/3 { CI. Diatomic hydride
systems. Intensity borrowing.

2 Roszak and Lipifiski (1992): INDO. Triplet { singlet lifetimes of
pyridine etc.

6.1.4 Relativistic Extended HAckel (REX)

2 |Introduce jlsjm i basis with separate energy parametersR, and radial
parameters?3, for the SO-split atomic states.

2 Derive these parameters fromab initio atomic calculations, thus ex-
trapolating them to the molecular domain (Lohr and PyykkA 1979).
R/NR!

2 RAsch (1983) treated theKramers degeneracyalgebraically (QATREX)
2 Larsson and PyykkA (1986): Charge iterations added (ITEREX)

2 QOriginal default parameters (in 'DEFPAR') acceptable for m ain-group
elements. Realistic parameters for the actinides in PyykkALaakkonen
and Tatsumi, Inorg. Chem. (28) (1989) 1801.

2 Always carry out a sensitivity study with respect to parameters or try
to con rm the ideas found by better methods.
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Some Results by REX

2 Implement the relativistic theory of nuclear spin-spin coupling con-
stants. New terms. See PyykkA andVieseneld (1981).

2 symmetry rules for the spin-spin coupling tensor,J, A. D. Bucking-
ham et al. (1982).

2 Transparent interpretation of the heavy-atom chemical shiftin *HX
NMR, PyykkA, GArling and RAsch (1987). "HAHA" (1987).

2 The 6p-hole theory of actinyl NQCC, Larsson and PyykkA (1986).

2 Colors of BiPhs and PbCI3i attributed to the relativistic stabilization
of the 6s a LUMO ( Schmuck et al. (1990), El-Issa et al. (1991)).

2 The SO splitting of the OsO4 valence 3t MO attributed to 5p semicore
character, in most models. PyykkA,Li, Bastug , Fricke and Kolb
(1993).

6.2 One-Electron Molecules

6.2.1 The Hamiltonian

h=T+V; Vziéié: (6.12)
r rz

6.2.2 Possible Coordinate Systems

a) Elliptical :
=(r1+ ro)=R; 1. <1
,» (ri+rp) j> (6.13)

=(r1i r)=R; j1- -1
8
2 r{= %(»+ )
S R (6.14)
" rp= E(»i ')

Constant »: ellipses, constant” : hyperbolas.
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Third variable: A.

dv = %3(>>2i “2)d»d” dA (6.149
Then
hA = EA (6.15)
A =elMAf (»:7) (6.16)
V)= A 22 (6.17)

RG>+ ) Rei )
The SchrAdinger equation:

h 3
, 2 @, @, @ ., @
wr ) ef | Ve o' e
1 1 N e
imZ(»2i 7 I —~) tV(»)i Ef(»")=0 (6.18)

A. Burrau, Mat. fys. Medd. 7 (1927)
D. R. Bates, K. Ledsham, A. L. Stewart, Phil. Trans. RSL 246 (1953)
215.
See L. Laaksoneret al. (1983a).
Eq. (6.18) separates,
f(» )= LOG>M() (6.19)

The eigenvaluesk are obtained from the truncation of the series forL (»).

b) The variable q:
“"=1j NIng; 0-qg- 1 (6.20)

¢) The variable t:
t=In» (6.21)

d) Prolate spheroidal

The 2D-program uses the variables {;° ):

» = coshi; 0- 1< 1
; (6.22)
= cos®; 0-°. Yy
8 1
Q= ER(cosh1 +0s°)
(6.23)

1
z rp = ER(cosh1 j cos?)

91



3
dv = %sinhl sin®(cosh?* | cos °)dt d°dA (6.24)

A = eiMAf (1.0 (6.25)
r2A 4 ha@ @, @
émA "~ R2(costfl | co°) @+00Fh 1@1+ @¢
. i
reoto @, m2t 1t 10 f(0) (6.26)

m* ——s—+ —
@° sinh?t  sin®

e)Kolb's coordinates (s;1):

See C. DAssterhAft, L. Yang, D. Heinemann, D. KoloChem. Phys. Lett.
229 (1994) 667.
“ =4sinh*s+1; 0- s<1
1. (6.27)
» = cost[l + ésmzt]; 0- t- Y

[Already in L. Yang et al.,, Chem. Phys. Lett. 178 (1991) 213]

6.2.3 Transformation of the Dirac Equation

D. Sundholm, P. PyykkA, L. Laaksonen,Phys. Scripta 36 (1987) 400.
D. Sundholm, Chem. Phys. Lett. 223 (1994) 469.

Consider the Dirac hamiltoniag

1
3,
hp= @V CZ4R A (6.28)
0 c¥lp Vi 2c2
vep= @ Pz PxiIva (6.29)
Px+ipy P
Let
0 1
(mi 2)AAL (1,0 )
l“l"‘ ﬂ i + = AR
as A _ g emOARs(e) (6.30)
As jel(mi %)AAf(l;o )

L 1VA =
ie(M* 2)AAS(%;0 )

The lower equation from (6.28) gives
CYpAL +(V | 2c%)As= EAg)

o= P4 6.31
= v E; VIt (631
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This can be substituted in the upper equation,

(V i E)AL =i Ci/4¢[_)15\3

= | C¥p(2c?+ E i V)i lc¥tpAL (6.32)
Letting
CZ
f(r)= A E; V) (6.33)
[%¢pf (r)%tp+ Vi EJAL =0 (6.34)
p=iir; pP=ir % ip=r
Recalling
(%CA)(%¢B) = A B +i¥%C(A £ B) [3.88]

£ a
Yalpf (r)%tp = %6 (| g} )3_/4¢| {p} +fp (%tp)
P P D +Tp(%0p
A

B

= = £

(pf) ¢p+i%e(pf £ p)+ f f3_/4¢p2(314¢p}
pr) ¢p pr£p Py 74P

ey

o}

=0
= fp2+(pf) ¢p+i%t(pf £ p)
= ifr2ir ferj i%e(rf£Er) (6.35)
In an orthogonal coordinate system,
1 @f 1 @f 1 of
rf=o_——+®&—— +%&_—— 6.36
‘e Ches hag (639
(The distance, ds; = h;dg). Here
rY
h: = he = — (coshk’! j cog?l)
F% (6.37)
ha = Esinh1 sin®
where all the hs are weight functions.
Then
) ~ 1 @f@A 1 @f@A 1 @f@A
T TerAS i eier h@es h @A
a 4 £@f@A+ @f@ﬁ?
' R2(cosi?t | co2°) @'@' @°@°
4 f@A
ef@ (6.38)

' RZsink?1 sinZ° @A@A
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4f £ @ cosht

Cfr 2 -
! ' R2(cosl?? | cog?) @2’
+Q+ cos® @ costfl | cog® @-x
@2  sin® @°  sinh?t sin?°
- . .3 ~ ’)
What, then, is j |_/4¢([L{€Zr_ﬁ\) :
D
On one hand, — —
- k=
A - —@f @f @f—
rTer A= G &y o
@A @A @A™
@x @y @z
(all hs equal 1 in cartesian coordinates)
On the other hand, denoting f * %;
—_é & 85 —
rfer A—Eh%fl hiofo fA_
T1x 1% )
h—A mAo LAL
= fo A f Ao +
& e h ——(foAsj TAA0) 'EO
+24 flAO i fOAl
AL ho( i )

We will need the cartesian components of this determinant,

sinh? @t

D = D€+ Do& + D33

for the scalar product with

Ya= Y2l + Ypbo + ¥pbs

Ya

‘—(

(
(

@y, ., @
3/ + Y+ Y

1or" @)
3/ =%y, %3} %%

@y, ., @
% @f ek ",
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h1 (fAAl i fa AA)

(6.39)

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)



i i%e(r f £r A)=

. h
[ @ @y
; 3 3, = o
s kgt %o BT Aai fak)
@x @ @ . X
+ (% g 3/9@}} Yy §(fAAl | BAY (6.49)
@x @y !
+ (Y% — 3/— fiho fols
( @A @ ( i )
From
8 R . . .
% X = Esmh1 sin® cosA
g y = %sinhl sin® sinA (6.46)
R
=5 cosht cos® (z is in the molecular axis direction)
8
@x_ R Lo i, @x_ R o
— = Ecosh Sin® cosA; @ Esmh c0os® COsA;
@x_ R . o
@A Eslnh sin® sinA
R ;
Qy: — cosht sin® sinA; @y — sinh?® cos® sinA;
@t 2 @° 2
(6.47)
@y — sinh? sin® cosA
@A 2
@z_R_. | o @z_ R 1 im0
@1— 2smh cos®; @0— i Ecosh sing;
@z_
@A’
. iR=2 £
i i%¢D = | -
i |_4¢_ i b ho hA (6 48)

(% cosht sin® cosA+ ¥ cosht sin® sinA+ % sinh® cos®)(foAsi faho)
+( ¥ sinh® cos® cosA+ ¥ sinh? cos® sinAj ¥ cosht sin°)(fA§1 i 1A
+(i ¥ sinh® sin® sinA+ ¥ sinh? sin® cosA+0)(f.As | foA:)
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Ry, h
> 7% . fe R e x
cosht sin® cosA(foAxj faA0)

h
3%
' hihohg
+sinh * cos? sinA(fgA: | f1A4) | sinh® sin® cosA(fi Ao | fohr)
331 h . .
i 4D, =i 2 sinh® cos® (foAa i faho)
h: hOhA .

i cosht sin®(fsA: | f1AR)

i %Dy cosht sin® sinA(fo A4 | faho)

8
.3
P %Dx =1 |
+sinh * cos® cosA(f sgA: | f1A4) | sinh® sin® sinA(fi Ao j foAr)
§ i

(6.49)
Recall that
0 1 0 1 0 1
374(:@0 lA’ Vy:@OIIA’ 3/i:@l OA
1 0 i 0 0ij1
iR=2
3 =
'0'1“@ | hiheha .
cosht sin® cosA(foAsj falo)
+sinh t cos® cosA(f asA: i f1Ag)
~ ~ i i 1 sin° sin A 1 ~0 i o ~1
sinh? cos® (foAs i fako) |hsmh sin® sinA(f1 Ao j foAr)
i cosht sin®(fsA: | fiAx) i i cosht sin®sinA(foAsj faAA)
+sinh t cos® sinA(f 4A: j flAA)i
+sinh t sin® cosA(f: Ao | foAr)
cosht sin® cosA(foAs | falo)
+sinh t cos® cosA(f AL j f1Ag)
i i 1 sin° sin A 1~o i 0~1 . ~ ~
|hsmh sin® sinA(f: Ao j foAr) i\ sinh® cos?(fohs i f ko)
+i cosht sin® sinA(feAsi faA°) +cosht sin®(f A i f1Ag)
+sinh t cos® sinA(f sA: j fu&;\)i

+sinh 1 sin® cosA(f. Ao j foAr)

It can be noted that the matrix in the above equation is of the form
0 1
@ @ UililV,
u+ifvl] ja
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[ 1%0D = | — IR=2 £ (6.50)
R%cost?t j co°)sinh? sin®
0 2

o . o ~ 1
cosht sin®(cosAj isinA)(feAii TAA)
+sinh t cos® (cosAj isinA)(faA: j fiAg)
i sinh® sin®(sinA+icos A)(f: Ac j fohr)

sinht cos? (foA4 i falo)

i cosht sin®(fsA: | f1Ax)
cosht sin®(cosA +isin A)(feAzi faho)
+sinh t cos® (cosA+isin A)(faA: i fiAg)
i sinh? sin°(sinAj icosA)(f1Ac j fohi)

i sinh® cos®(foAsj faho)
+cosh? sin®(f A | f1Ag)
Now note that

(i 1) (i 1)

= Gove; vl @ o= Gove; vl @0) (6.51)
L ev_
fal @A 0;
] ) gl iA ) ) ( el iA
COsSA" isinA= A ; SINA8 icosA= A (6.52)
i e
4i c?
13%¢D = £ £ 6.53
i ! R2(cosi?t j co°)sinh® sin® =~ (2c2+ Ej V)2 (6.53)
0 @V, 1
av. cosht sin® e 'A—OAA
sinh?® cos® —Aa _ g\/
gv i sinh? cos® & 'A—lAA
+cosh? sm°@lAA s sino .|A) avae @V@ 5
sinh? sin® (ie
ov ' @@’ @@
cosht sin® e'A@AA @V
@ V. i sinh® cos® ——Ax
i sinh? cos® e'A—A' gv
i cosht sin® =—Az
+sinh 1 sin® (ie'A) @V@. @V@ @’
@'@° @°@!
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Recalling the Ansatz (6.30),

0 1
(mi DAAL (20 )
Ao B AR (o )€
jel(mi %)AAf(l;o )
Ry

0
i(mi f)elmi DARL(xe )
A< Bim+ DM DARGeo) & @A
A — . - - =i
L (mi delmi DARSee ) @A

i (m+ Jelmr AR50 )
the operation j i%¢D gives for the upper row:

( .
h
L @V @V, ~L ime 1VA
A sinht cos® @Y+ cosh1 sino & i(m %)Ake'(m' DA

@° @*
h :

1A @V@ . @V@ g
T ewe e

i sinh? sin° jei Ad(m*

4¢?

A=
' R2(cost?® | co2°)sinht sin®(2c2+ E | V)2

and for the lower row:

( _
h , . ,
Ai  cosht sin°%\0/i sinh? 0030%\1}9'Ai(m ; %)eKmI DARL

ba @@ @Ve g

+sinh 1 sin© igAg(mi

a0’ @@t
h j )
i sinh? cos® %\O/+ cosh? sin® %\1} i(m + %)ei(er DARL
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+ cosht sm"%oi sinh? cos"%1 e Ai(m + E)e'(m+ %)AA'Z-

(6.54)

(6.56)

(6.57)



Dividing away the e"A-factors

i 1%¢D = 6.58
)i gD E y | , (658)
i A sinh? coso%)+cosh1 sm"@ (mj )A1
h3
+ cosht sm°%v| sinh? cos"@
. : v Y% '
i sinh?! sin® %§0| g @@1 2
(
h3
i A cosh! sin® g\/. sinh? cos° (m . —)
. Ceve @v@'
+sinh 1 sin® ——
0@’ @@ T
h
i sinh! cos® %/+ cosh? sm°% (m+ —)A2
Using the de nition of A, (6.56),
)i 1%C¢D =+ 4 f £ (6.59)

R2(costft j cog®) 22+ E | V
cos° @V cosht @\) ]
(m —)A1

0
S|n° @° sinht @1, 2
cosh1 @V cos® @V (m + })
smh1 @oI sin® @1 2

‘eve eve' ;,
@@’ ee
cosh1 @V  cos°® @V( 1)
smh1 @° sine @ M3
‘eve @V@'AL

@ @ @@ !

heoso @V, cosh @V

: 11
' sino @0 sinh? @? (m+ E)AZ

Combining this result with the diagonal kinetic energy terms (6.38)
(6.39) and (V | E)A, noting that in (6.38)

3 ,
. X o_ . 4 f QV@ @VO@
A= R cosi?l | c0g0) 2P+ E; V @@ @°@°
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the upper equation nally becomes

¢
| 4
' R2(cost?t | co2°)

1 h3
2C2+E| V

@] . cosht @

ot —
@2  sinht @1
costft | coge

sinh?t sin?° (
@ve eovV@
@@ @@°
cos° @V cosht
sin® @0 sinh

@ cos°®

.12
)

@V

@1 (mi

1 h? cosht @V  cos°® @V

' 22+ E; V

sinh? @° ' sin®

‘ove evae'
@@ @@
+(Vi E)Af =

and the lower equation becomes

4f

(

i £
' R2(cosl?t | co2?)
1 hs cosht @V  cos°® @V

L 22+ E; V

1 h?

sinht @0' sin® @
‘eve @V@'AL

@'@° @@

—; (M

@ (m

A

1

cos° @V cosht @V

+
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7 Pseudopotentials

7.1 Introduction

Heavy elements are the nightmare of theoreticians.
2 Many electrons
2 Many orbitals
2 Relativistic dynamics

Solution: Find a pseudopotential with a ground state which is the lowest
needed valence orbital.

2 Local PP (the same for all values ofl)

2 Semi-local PP (di®erent radial part for di®erent values ofl):,

Vi = PIVI(r)Py; (7.1)

xl
P jimihlmj: (7.2)

m=j |

Works.

7.2 A bit of history

2 H. Hellmann , "Quantenchemie" (1937), p. 111{ . The Zusatzpoten-
tial for alkali metals

1 A
U =i -+ —e 2 (7.3)

2 pP. Gomb§s , Z. Phys. 94 (1935) (?) 473,479.
"Pseudopotentiale”, Springer, Wien (1967).
"Ein Besetzungsverbotpotential”.

2 A historical wandering: Phillips-Kleinman , Phys. Rev. 116 (1959)
287.

"iAi; (7.4)
("ii TA(r).
Ay

(T+ V)A

V(r) (7.5)

Right ";, wrong norm of A.

2 Fix: shape-consistent PP , norm-conserving PP . A discussion
about which term was in use rst is reproduced in gure (7.1) (P.
PyykkA, private communication to R. Nieminen , May 13, 1994).
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2 An own pseudo-potential for the spin-orbit interaction:

7.3

Y 26 Vi(r)
VSO(r) = R Pl ¢sPy: (7.6)
L, A+l ==
EV() = Vo101V, 50) (7.7)
= CAye " (7.8)

k

P.A. Christiansen ,Y.S. Lee , K.S. Pizer J. Chem. Phys. 71 (1979)
4445,
P. Hafner , W.H.E. Schwarz Chem. Phys. Lett. 65 (1979) 537.

The electric polarizability of the ionic core, and the core-valence cor-

relation energy. X
1
Veep =i 5 ® (f)? (7.9)

Here ® is the polarizability of core , and fla the electric eld seen by
the core, .

P. Fuentealba , Thesis, Stuttgart (1984)

W. MAller , J. Flesch , W. Meyer , J. Chem. Phys. 80 (1984) 3297,
3311.

Where to get pseudopotentials
USA :

{ K.S. Pitzer

{ Los Alamos (Hay & Wadt)

{ P.A. Christiansen

{ W. Ermler
{ W.J. Stevens (ECP=PP)

Canada, Sweden, Spain : Huzinaga, Wahlgren, nodal model poten-
tials.

Germany : Stuttgart (Dolg, Stoll, Schwerdtfeger, ...) "Energy con-
sistent PP".

www.theochem.uni-stuttgart.de

France : Toulouse (Daudley, Teichtell, ...)
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F: pyykko@cc.helsinki.fi

T: rnieminen@csc.fi

D: 13 May, 1994

S: History of pseudopotentials

Dear Risto,

As you may recall we had some time ago a friendly

"who was first" discussion on the history of the

"shape-consistent" or "norm-conserving" pseudopotentia Is.

The former name is used in chemistry and the latter in physics ;
the common feature of both is that the pseudo wave function
reproduce the full wave function in the valence region. @

At the workshop of Pseudopotentials of the REHE

programme of ESF in Toulouse on

Monday, | asked the members of the conference how they though t
that these ideas were originally developed.

Apparently the first article was /1/ in 1975. The idea (i) is
clearly stated in Fig. 2 and pp. 288-.

According to Walter Ermler, who was at Berkeley in the late

1970'ies, there was communication between the chemists, li ke him
and the physicists, like Dr. A. Zunger, working with M. Cohen
Anecdotally, "we were rather shouting at each other than

collaborating”, though.

The first paper from Berkeley/Chemistry seems to be /2/. It g uotes /1/.
The Acknowledgement of /2/ thanks A. Zunger for a preprint of 13,

"in the revision to final form of this manuscript”, and

also L. Kahn for private communications on his work.

Thus the first papers /2, 3/

and the Physics and Chemistry efforts indeed seem entirely p arallel.
None of the papers /1-3/ uses any particular name for the idea

In his review /4/ Kahn quotes for the 'shape-consistent'
idea (i), his eq. (33), also /5, 6/. Kahn et al. /7/ also clearl y
discuss the idea (i) in their II.B.ii, without quoting /1/.

Hamann et al. /6/ have the title 'Norm-conserving pseudopot entials'
and quote /3, 5/ but not /1, 7/.

Conclusion: The work in the references /1, 7 5/ seems to prece ed
that in ref. /3, 6/. The name 'norm-conserving' form 1979 may be
older than the name 'shape-consistent’, whose exact origin | have not
found. | believe that it was used in the Los Alamos workshop on the

subject in 1981.

1. Ph. Durand and J.-C. Barthelat, Theor. Chim. Acta 38 (1975 ) 283-202.

2. P.A. Christiansen, Y.S. Lee and K.S. Pitzer, J. Chem. Phys . 71 (1979)
4445-4450.

3. A. Zunger, J. Vac. Sci. Technol. 16 (1979) 1337-1438.

4. L. Kahn, Int. J. Quantum Chem. 25 (1984) 149-183.

5. A. Redondo, W.A. Goddard Ill and T.C. McGill, Phys. Rev. B 1 5 (1977)

5038-5048. Check ref. 6-7 there.

6. D. R. Hamann, M. Schlueter and C. Chiang, Phys. Rev. Letter s 43 (1979)
1494-1497.

7. L.R. Kahn, P. Baybutt and D.G. Truhlar, J. Chem. Phys. 65 (1 976) 3826-
3853.

Figure 7.1: e-mail, May 13, 1994
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8 On QED

8.1 Introduction

Underpinning the Dirac-level theory we havequantum electrodynamics QED.
It is the theory on virtual photon processes. The two simples terms are de-
noted by the Feynman diagrams

Figure 8.1: Vacuum polarization

Figure 8.2: Self-energy

The lowest-order vacuum polarization (VP) term can be expressed in
analytical form (Uehling 1935). It is independent of the nuclear charge, a
property of the vacuum. Furthermore, it is attractive. The self energy(SE)
is larger than the VP and of opposite sign. Both can be related(to lowest
order) to j3(0) j2. The QED is a covariant theory.
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8.2 Some formulas for vacuum polarization

z
Ve®¥(r) = T(l+ S(r)) = Vi + Vye; (8.1)
Z 3 ~ 73 P
271 ~2A 1 A2y 1.

The Uehling function S(r) can be tted to the two-parameter expression

S(r) = ® exp(j dir?)Cy[In(®=r) | Cy]

i’ exp(j 2r=®) °

+(1j exp( dll’z)) Cs 0p(L)05+ (L)L5
® ®

(8.3)

Here the free parametersd; = 0:678¢10’ and d, = 1:4302. The three

constants are

_ 2. _ 9, ~ _ 4Pz
Cl_2_1/4’ C2—6+C1 C3_4 Ya (84)

Also see gure (8.3).

Figure 8.3: The Uehling function rS(r)
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8.3 Some formulas for self-energy (vacuum °uctuation)

For light elements one can use thelensity formula

47@3 1 2K 1o
Eog = | O
s£= 3~ N@z2' "(ez)?

5
+ 5 1%0) i? (8.5)

Alternatively the total Lamb shift is obtained to lowest order from the den-
sity as

- 47@% n_ L 2Kno 107
L= 73 @22 "@2?2" 30!

%0) j (8.6)

For heavy elements, evaluateEsg from the 2s SE/VP ratio of Johnson and
So® (1985), The total valence-electron Lamb shift becomes

K (Ese+ Evp)

BL =M Evp

(8.7)

For the valence electrons the order-of-magnitude of the Lamb Hift re-
mained unknown, beyond lithium, until the two papers

[1] P. PyykkA, M. Tokman, L.N. Labzowsky, Phys. Rev. A57 (1998) R
689

[2] L. Labzowsky, |. Goidenko, M. Tokman, P. PyykkA, Phys. Rev. A59
(1999) 2707

[1] used the density-based or the "ratio" methods. It also inroduced a
semiempirical "A-model" ('A' for the nuclear A-value). In [2] , using spline-
functions in a local model potential, the Feynman diagrams vere actually
calculated for the ns valence electrons of alkali and coinage metals. The
results were very similar: ForZ ' 50, the Lamb shift is about -1% of the
Dirac-level e®ects. Figures (8.4) and (8.5) give an idea of theize of the
e®ects.

For lighter elements it is, relatively speaking, larger. A smple way to
estimate it is to scale the Darwin term, as suggested in

[3] P. PyykkA, K.G. Dyall, A.G. Csfisz&r, G. Tarczay, O.L. Polyansky
and J. Tennyson, Phys. Rev. A 63 (2001), 024502, 1-4

, 8RE 19=
ELamb —gDawin _ P 2In(®Z2) i InX + = .
3y, | 2IN@2) i InX + 35 ®8)
; 2®F(Z®) 8®
g Lamb _Darwin  _ e 8.9
ve ' 15 69
; 8® 1
[ Lamb _pDarwin _ 31/4|n( ﬁ) (8.10)

Equation (8.10) was introduced by Bjorken and Drell (1964). The results
of using the above three equations can be studied in “gure (8)6
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Figure 8.4: Dirac-Fock contributions for coinage metals. Fom P. PyykkA,
M. Tokman and L.N. Labzowsky, Phys. Rev. A57 (1998) R689

Recall the Pauli Hamiltonian

hp = i %E“i %r 2V ®72%¢(r V £ p) (8.11)
where for a Coulomb potential
rov = 4ZY4X1) (8.12)
X is related to the Bethe logarithm K
X = 2Kno=(®2)? Y4 11:77;16:64,15.93;: :: (8.13)
for 1s, 2s, 3s;::

The F(®Z) is used to express the exact self energy as

ESE = @ZF (®Z)h(r)i (8.14)
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Figure 8.5: Ratios of the Lamb shift to the relativistic contribution. From
L. Labzowsky, I. Goidenko, M. Tokman, P. PyykkA, Phys. Rev. A59 (1999)
2707

109



Figure 8.6: The ratio E-a™P =EPawin  From P, PyykkA et al. , Phys. Rev. A
63 (2001), 024502, 1-4
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1S

Binding energy Eg (point nucleus) -93459.89
Corrections:

Finite nuclear size 49.13
Self energy (order®) 196.68
VP: Uehling contribution -41.99
VP: Wichmann-Kroll contribution 1.79
Total vacuum polarization (order ®) -40.20

SESE (29 order SE) (a) (b) (c)
VPVP (2™ order VP) (a) (ladder diagrams) -0.07
VPVP (b) (KAllgn-Sabry contribution + h.o.) -0.05
VPVP (c) (KAllgn-Sabry contribution) -0.29
SEVP (a) (b) (c) 0.42
S(VP)E 0.05
Radiative recoil (estimate) 0.00
Reduced mass 0.26
Relativistic recoil 0.08
Total recoil 0.34
Nuclear polarization (bottleneck for accuracy) -0.02
Sum of corrections 205.99
Resulting total binding energy -93253.90
Lamb shift (theory) 205.73
(experimental) 202(8)

Figure 8.7: One-electron Lamb shift contributions for 1%7Au’®* (hydrogen-
like gold). Energy values are given in eV. From T. Beieret al., Phys. Lett. A
236 (1997) 329-338
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9 On Transformed Hamiltonians

9.1 General

If the four-component Dirac equation is approximated by sometwo-component
form, certain savings can be obtained. Typically, the smallcomponents are
eliminated and two separate equations are introduced for aamicj = | § %
states. For molecules, one typically divides the Hamiltonan into a quasirel-
ativistic (spin-orbit averaged) part and the spin-orbit part , diagonalized at
some stage. Special attention must be given to variational tability.

One can follow these developments in Table 2.2 of RTAM I-lll ard the
applications in Table 7.3 of RTAM IIl. For reviews, see Hess and Marian
(2000a).

9.2 The Foldy-Wouthuysen transformation

Foldy and Wouthuysen (1950) presented a systematic procedure for de-
coupling the large and small components of the Dirac equatio,

hp = c®¢(pj eA)+ mc?+ e® (9.1)

mc?+ O+ E

(with © the Coulomb "eld) where the "odd", O, and "even", E, parts satisfy

O= c®¢(pi eA); f; Og 0,

. - (9.2)

I
o

Any operator H can be separated to

O= %(H i H )
2 (9.3)
E= E(H + H )

We shall annihilate the "odd" part up to some power of 1=mc? through the
transformation

a0=¢lSa (9.4)
A good choice is
_iil0_ ._®t
omeZ ' 2me (9.5)

where Y4is represents the generalized momentum.
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A third order FW Hamiltonian becomes

1
000 1129 1.,
hp™=mc?7e? + B % (9.6a)
e_

i S seB (9.6b)
1 4 .

I 8maczP (mass-velocity) (9.6c)
e -

+ —8m2c2r¢ E (Darwin) (9.6d)
e . .

i ez tEE P (spin-orbit) (9.6€)

Nl (S¢B)YZ (rel. corr. to Zeeman) (9.6f)

' m2m2c2\= = : : :

e is the charge of the particele,~=1, s= %% [SeeBjorken-Drell  (1964),
eqg. (4.5), Moss (1973), eq. (9.75)].

This expression can be used in 1st-order perturbation theoryfike the
Pauli one. It is not useful in variational calculations as ba\r) the mass-
velocity term hy = j g p* and the Darwin term hp = ¢5r E = | 28/4(r)

are strongly singular. One could just as well use them to “rst ader, O(ci 2).
Contracted basis sets could however allow variational use.

9.3 The Cowan-Gritn equation
Cowan and Grixn (1976) or Wood and Boring (1978) as well as other

authors use the 2nd-order equation of Dirac (1928a), puttingall the norm
in the large component.

8

2P°+'—P+(imc+vi E)Q:O
> r E'CV (9.7)
Q% —Q+(ime+ )P =0
Q= % (P% _P) (9.8)
mc2+ Ej V r '
0_ c iS00, * po. cvO iso, - ¢
= PO po p 4 PO+ P (9.
Q mc2+ Ej V r o2 (mc2+ Ej V)2 r (0-9)
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c i - N c i . ¢

s P00+ _PO. -P i - PO+ P
mc2+ E V r oz Irmc2+E1V r

cVvo i 0. ¢ imEP+E;iV . 5
+ PO+ —p + L — =1 "p=0 jJE=mc?+"
(mc2+ Ej V)2 r c J

. . . .2 \VAY i . ¢

P _pPY% —P;j —P% P+ ———— PO+ _P
r b2ty r2 2mc2+ " V r

1i Cj ¢

+ame?+ " VI VP =0

(- +1 VO i . ¢

poo, U D o vpe Y poy Tp
r2 2mec2+ " i,V r

I {z }

hg+hso
1. \2_
+ S V)2=0 (9.10)

{7

hm
(- +1)= 1(1+2) (9.11)

R
Quasirelativistic usage : put 01 P2dr = 1! (This is the only approx-
imation!)
Dirac (1928) [PRSL A 117 (1928) 610]: Exact 29-order equation.

For the non-relativistic  case,

I(1+1
rt 0: P%= (rz)P y P_ "t R =r! (9.12)

rt1 2 P%=2mP ) P_@"; »= j2m" (9.13)

For the relativistic case,
Z
p_r; °= 2 ()2 (9.19)

9.4 Douglas-Kroll-Hess

Instead of expanding in powers of £c one can rather expand in powers of
the coupling strength, Z®c~ (Douglas and Kroll 1974, Hess 1986)ansen
and Hess 1989). This leads to operators which are bound fromdbow and
can be used variationally.

The DK formalism, which is an all electron method, is based on a series
of unitary transformations Ug; U1;::: of which the lowest is the free-particle
FW-transformation de ned by

( Uo= A(L+ R)

Uit=(R +1)A (9.15)
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where we have

s
E, + mc?

A= P __— 9.16

5, (9.16)

R = —C®¢B 9.17

"~ Ep+ mc2 (9.17)

Ep=c p?>+ m2c (9.18)

Applying Up to hp = c®¢p+ (" j 1)mc®+ V gives
UohpUjt= Ep+ E1+ 01" Hi (9.19)
with
E; = A(V + RVR)A
_ (9.20)
0= ARV VRA
For chemical purposes one more transformation is needed. @nuses

q
U= 1+W2+ W, (9.21)

with W; anti-hermitian, W{’ = | Wi. Performing the transformation through
U; and expanding the square root in powers ofV1,

UH U] ' = TEpj [EpWil+ Er+ Oy
+ %_E pW7 + %Wf_E pi W1 E W
+[Wy; O1] + [Wy; Eq] + 10 (9.22)

omitting higher order terms. The rst-order odd term is elimin ated by
setting

[EpWi]= Oy (9.23)
and solving for Wy. It's momentum space integral operator is
z

wie(p) = d*pWi(p; pho(p) (9.24)

with a kernel o

V(p;p

Wi(pip) = AR ROAT = (9.25)

o+ Ep

V(p; 9‘5 is the Fourier transform of the external potential. The pri med quan-
tities are expressed in terms of the variable;_ao. The nal result is

_ _£ 1 a
Hdecoupled » T4 B TWGE W, + E[le Epl : (9.26)
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The spin-orbit terms can be separated using
(%CA)(%8B) = A CB +i%¢(A £ B) (9.27)

see Hes®t al. (1995). The nal result becomes

)@I. X’C

i eZ?; EA;Ajm(;” £ p) 6% +2%) 2 'f’ (9.28)
A series expansion in powers o' 2 becomes
Ao 1 3 (9.29)

E + mc2  2mc2 ! 16m3c

The DK Hamiltonian has now been implemented in a large numberof
programs, to mention a few: magic, molcas, paragauss and those by
Hess himself.

For calculating properties, the operator has to be transfomed as well, if
transformed Hamiltonians are used. This could be quite tedbus.

9.5 Zero Order Regular Approximation, ZORA
The previous elimination procedures treated%]ig\z’— as a small parameter.
Suzciently near the nucleus this is not true. Here

3

vi EiY Ry En

! = 1y —= = .
(L) 1 2mc2 . omce2 (9 30)
n=0
will only converge whenj¥L5j < 1. By rewriting the expression as
2me? E il
()= + 9.31
(r) 2mc2i V 2mc2i V ( )

we obtain an expression in
1

2mc2i V

which will converge. This leads to the Zero (or higher) OrderRegular Ap-
proximation, ZORA (E. van Lenthe et al. 1993{).

The ZORA-level approximation was already given by Chang , P§lissier
and Durand (1986) or by Heully et al. (1986).

One problem with ZORA is the electric gauge invariance but this can
be approximately remedied (E. van Lenthe,Baerends , Snijders 1994,van
WAllen 1998).
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The scalar scaled ZORA equation is Faas et al. 2000)
1£ o ~
S PUBP+ Vi Ka A= EScaledh (9.32)
with the scaling factor

S

1+ rﬁij9¢c—12829jaii (9.33)

_ c?
B = sz (9.34)

Ve = Vhue + JAA

J and K are the usual Coulomb and exchange operators, respectivelywan
WAlllen's idea was to seB = B = ¢?=(2c?j V), Vo depending on the atoms
only.

ZORA has been implemented in packages agamess-uk , adf anddirac .

F. Wang et al. (2000) include spin-orbit e®ects at DFT level in

£ o .
Yatp Yatp+ V A= EA (9.35)

2C2i Vo
The separated SO operator becomes

Vo a

£
=.3 - -
N0 = IHEPE Sz )P

(9.36)

9.6 Direct Perturbation Theory, DPT

The wave function and its metric will have to be an analytic function at the
limit ¢! 0.

The Direct Perturbation Theory (DPT) has been developed by Sewell
(1949), Titchmarsh  (1962), Rutkowski  (1986{), Kutzelnigg (1989).
See alsdFranke (1994).

Instead of the original Dirac equation

0 10 1
. 3 A
@viE c%lp A @A - (9.37)
c¥tp j 2mc?*+ V| E A
one now writes
0 10 1

@ik #tp A@™ A= (9.38)
¥tp j2m+t(Vi E)=¢  cA
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with the parameter t = 0 and t = 1 corresponding to the non-relativistic and
relativistic cases respectively. The NR case corresponds the LEvy-Leblond
(1967) equation. Both E and
0 1
a= @A+ A
cA

1

are expanded in powers of (or ¢ ). A key paper on the subject is Kutzel-
nigg (1996).

9.7 Further examples

9.7.1 RESC

Hirao (seeNakajima et al. 1999, 2000) start from the inconvenience of
having the energy in the 2nd-order equation

£ o N
V + (%atp) (%atp) AL = EAL (9.39)

¥2me2i V+E
PALj1+ xYxjALi =1; Ag= XA_

They suggest replacing
Ej V! T=pmi mc? (9.40)

which is independent of the eigenvalueE. The Hamiltonian can again be
separated into spin-free and spin-dependent parts.

Barysz (2000) has analyzed this family of RESC (Relativistic scheme
for Eliminating Small Components) Hamiltonians. Although they can show
signs of variational collapse already at moderateZ (¥ 80), the result for
valence electrons can be close to Douglas-Kroll ones.

9.7.2 AMFI

The Atomic-Mean-Field-Integral method eliminates the spin-other-orbit terms
in terms of an e®ective one-electron, one-centre potentials Hesset al. 1996,
Marian and Wahlgren 1996, Schimmelpfenniget al. 1998ab, Tatchen and
Marian 1999).

An average over the two-electron terms is taken for the valene shell,
and thus large two-electron integral Tes can be avoided.
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