1 Lorentz Transformations and Lorentz Groups

1.1 Lorentz transformations
1.1.1 Introduction

Einstein’s starting point: the speed of light in all inertial systems is con-
stant. Consider the two coordinate systems O and O’ with O’ moving along
the +x axis with the speed v:
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Figure 1.1: The coordinate systems O and O’

TLet x =2 fort =¢ = 0. Then

y =y

Z/:Z

, T — vt

T = —— (1.1)

V1—0v%/c?

, t—vz/c
V1—v2/c?

The inverse transformation is obtained by changing the sign of v:

x4+ vt

B V1 —v2/c?
b /2 (1.2)
/e
V1—2v2/c?
Assuming that a light signal from O obeys
22 4+ y? 4 22 = AP (1.3)
we find indeed that
33/2 4 y/2 4 Z/2 — CQt/Q (14)
The speed of light is the same in O and O’.



— Recall the Michelson-Morley experiment (1887).

— Eq. (1.1) was first introduced by H. A. Lorentz (1892, 1895). Its use
in relativity is due to Einstein.

— Recall Fitzgerald (1895): lengths change! (Lorentz: mass changes).

The distance between points 1 and 2:

Az, =20 2@ =123
! ! (1.5)
At =1 — ()
In the coordinate system O:
3
D (Axy)? = (AP =0 (1.6a)
i=1
In the coordinate system O’:
3
D (Az))? - (A2 =0 (1.6b)
i=1

A coordinate transformation O < O’ obeying (1.6) is called a Lorentz
transformation.
Defining
l=ct

T4 =il = ict

we can write

Az? + Az + Az — AP =0 (1.6¢c)

Az? + Aas + Azk + Axd =0 (1.6d)
More generally one can consider the transformation

Az? + Ax3 + Azi 4 Axd = s (1.7)

The transformations with s # 0 lie outside the "light cone”.

The general linear transformation becomes!

), = ay 4 buato (1.8)

'From now on Greek indices, a, 3, ... i, v means the indices run from 1-4, while Latin
indices i, 7, . . . run from 1-3. If the same index (for example «) appears twice a summation
(3>-,) is to be understood.



1.1.2 Rotations and translations of the four-dimensional space

Theorem : For pure rotations, a, = 0, the transformation (1.8) will satisfy
(1.7) iff (if and only if )*

b;wzbua = baubau = 5#” (19)

Proof: For the the light cone, s? = 0, (1.6) =

D @)= (@)

I

"
=
3 At = S o = S -
12 1% I
doaaD = afbay? (1.10)
H I3

Inserting (1.8) on the RHS (right hand side), we get

Z(Z buaxg}))(z buﬁxg)) = Z(Z buabpﬂ)frg})x(;)
I B ®

ap
LHS Y 2(Da®

o

This must hold for all x&l), x(;) =

Z buabus = dag O
n

As z1—x3 are real and x4 is pure imaginary, all other a, and b, are real,
except aq, ba1, bao, bag, b14, bog and bgy which are pure imaginary.

1.1.3 Lorentz transformations as rotations

For a rotation through ¢ around s,

2The ¢ denotes Kronecker’s delta



Figure 1.2: Rotation through ¢

'a:'l = ] COS ¢ — x2sin ¢

a:'2 = x1 8in ¢ + T3 cos ¢

Similarly, the Lorentz transformation (1.1) becomes

;o (1.11)
Ty = T3
\ -7521 = T4
(2} = m1 cost) — z4sin
/
Ty =2
2 (1.12)
T3 = T3

2y = w1 sinv + 24 cos

Now % is imaginary, sin is imaginary and cos) is real. (For real v, set

l=ct=—ixy, z4=1l)
2} = x1 cosv — il sin
1= cosy v (1.13)
I'=—ix1siny + lcos ¢
For the origin O'(x] = ... =1 = 0) we get
xlzvt:vézglzﬁl
c c
Hence (1.13a) =
L L TN
cos Y
B =itany (1.14)
) 1 1 —ip
siny = = =
1+ cot? e V1-p2 1-p32 (1.15)
1 1 '
cosp = =

V 1+ tan?

S P



Inserting (1.15) in (1.13), we get

(x/ . T —il(—iﬁ) _ I — vt
VIR 1P
I — ot — *iﬂ?l(*iﬂ) +1 _ l*,ﬁ%l
VR Vi (1.16)
t,_t—xlv/c2
Vi

in agreement with (1.1). The invariance of ¢ yields (1.1) !

1.1.4 Addition of velocities

For two subsequent Lorentz transformations, corresponding to velocitites vy
and vy, we get

. . tan); + tan s
=1t =
) 11 + tan )y tan o

_ Bt (1.17)
L+ 5152
Here 3; = v;/c. For u = u' + v, we have
/
vty (1.18)

v 14 u'5c?

cf. eq. (1.9) in Pyykko (1975). Classically we would simply have u = v/ + v,

but with (1.18) we see that for v" — c¢,u — lfwc = c. Even if we would
have v — ¢ at the same time, we get u — 10;2?0 = ¢. The speed of light is

not exceeded.

1.1.5 Perpendicular motion

Let now O’ move in the z-direction and a body move in the y-direction:

1§

Figure 1.3: O and O, again



Consider two different times, ¢} and t,. Then the velocity in the O
frame becomes

A/ R,
/ Yy _ Yo 1 (119)

u, = =
VTAY Tty —th

With eq. (1.1) we get
Yo—U1=Y2—
ty —t1 — (w2 —x)v/2 At — Ax(v/c?) (1.20)
J1- 32 J1- 32
Ay' _ Ayy1-p2 Ay y1-p? (1.21)
At At —Ax(v/c?) At 1 — B2y /c2 ‘
11— 32
o = V1= (1.22)
Yol —wug(v/c?)

By changing the sign of v and primed/unprimed quantities, we can write

ug/ 1—32

YT TR (/)

th—t =

(1.23)

1.1.6 The relativistic mass transformation

Consider an elastic collision between two bodies having the mass m. Let
frame O have uz4 = 0 and let O’ be the centre-of-mass frame.

Small letters before impact,
Capital letters after impact
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Figure 1.4: v =5 = —ul 4



From (1.22), in the c.m. coordinates,

u/ _uyB\/l_/B2

YB 1 —uppu/c? (1.24)

U;A =uyav1-— 32 (as uga = 0)

In the c.m. system ]y;Al = |y;B| =

uyB

=97 1.25
1 —uzpv/c? (1.25)

Uy A

The laws of nature have to be the same in all inertial frames. Putting
the relativistic momentum changes equal in the O frame,

2mauya = 2mpuyp (1.26)
we get

Uy A _ ma
uyp 1 —uzpv/c?

mp = ma (1.27)
Note that the two masses are allowed to be different. As

/ UypyB — U
= = = 1.28
v UzB 1 fuva/CQ ( )

vl dGv vt =0,
2 2 2
v= by f(m )22 = E [1— 1—(“””3)2]. (1.29)
Uz B UxrB UrB C
Inserting this in (1.27), and letting uya, uyp — 0,
ma ma
e = Uz B c? Uz B \2 - 1 — (%—B)Q
1—02%—3[1— 1—(0)} :
___mA (1.30)
Vi- 3
In three dimensions,
C (1.31)

p=mp—————
= V1—u2/c?

According to Einstein, The Meaning of Relativity, p. 45, H. A. Lorentz
used I’ = dp/dt with this p. F # ma.



1.1.7 Derivation of E = mc?

The kinetic energy, T, is the work done by a force, F, in accelerating a
particle to the speed u:

T—/ Fdx—/ —(mu)d:n—/ d(mu)—x
0 u=0 dt u=0 dt

u=

= / B (mdu—l—udm)u:/ B (mudu + u*dm) (1.32)
u=0 u=0

Recalling that

mo

V1—u?/c? -

m2c? — m*u? = m3c?

and differentiating

omcdm — m? - 2udu — u® - 2mdm = 0 ’ 1 2m

cdm = mudu + u*dm (1.33)

which is the integrand (1.32)! =

u=u m=m
T= / cAdm = 62/ dm = mc* — moc? (1.34)
u=0 m=mg
Equivalently,
1
T = moc? [7 — 1] (1.35)
V1—u2/c?

Denoting the total energy mc? by E,
E=mo? +T (1.36)
where moc? is the rest energy
— Classical mechanics: The energy is defined apart from a constant.

— Relativistic mechanics: This constant is mgc?.

1.1.8 Connection between T and p

From (1.35),

1% _(mee?)? (1.37)



v e (moc?)?
(T+m0c2)2

=
p = mou = mo C ]_ J— M
V1-u2/c? \/1—u2/62 (T+moc?)?
(1.37) (moc2)2 T4moc?
= mocy/1— (T+moc2)? moc?

= LT+ m,®)? — (moc2)? =

p*c? = (T +moc?)? — (moc?)* =

E? = (T +mo?)* = p*c* + m3c*
1.2 Lorentz matrices

Consider the vector

:E_,U, - (xly xT2,X3, ‘T4)
with z1 = x, 20 = y,x3 = 2, x4 = ixg = ict. Introducing
1

Gl e
_077_m

we can write the transformation (1.16) as

/ .
T = —— = y(r1 +ifxy4
iR e
xh = T9
a:g =3
t —av/c?
/ . ) . .
Ty =ict = ic—— = y(x4 — P21
: Jimg i

Using the Einstein summation notation,

/
T, = QuTy

we have
v 00is
P 0 10 0
et 0O 01 O
—iy300 ~

We observe that

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)



a. The length of the vector remains invariant:

), = YA (21 +if2s)? + 23 4 25 + V(24 — 1811)?
2172 (1= %) +a® + af + iy (1 - 5%)
—_———
1

(1.46)

= Tuly

b. The reality properties of the components are preserved: xi, 2,3
are real and x4 is imaginary.
Definition: a,, is a homogenous Lorentz transformation if
xL = Gy (1.47)

leaves x,,x, invariant and preserves the reality properties of z,.
We saw on page 3 that a,, is orthogonal,

AupGry = dux

(1.48)
Auyap) = (51/)\
its rows and columns are orthogonal.
Corollary:
deta = +1 (1.49)

Example 1: Rotations in the 3-D space are Lorentz transformations:
Ty = apT, Th=1T4 (1.50)
Here zpxj, remains invariant (rotation!).

Definition: Lorentz transformations with aq4 > 0 are called orthochronous.
Orthochronous Lorentz transformations with

deta = +1 (1.51)
are called proper Lorentz transformations

Example 2: For the particular case (1.45),

10



v 00iy3

0 10 0
det a = det 0 01 0
—iyB00 ~
100 0 10
=~[010/—iv3| 0 01]=+2+ (iv8)?
00~ —iv6 00
= (1-p)=1 (1.52)

aq4 =7y >1= ais aproper LT.

Example 3: The inversion
auy = 1 (1.53)

is an orthochronous but improper LT: agq > 0, deta = —1.

1.3 Infinitesimal Lorentz transformations
Consider the transformations
:U:J = QuuTy, Ou = Opy + €u (1.54)

where the €, are infinitesimal quantities. The orthogonality requirement
(1.48) =

(5;“/ + Euu)((su)\ + GMA) =y (155)

Writing out the above multiplication, we get:

5#115#)\ +(5w,6“)\ +6uy5u,\ + e = O
—_—— e N — N——

Sun €L Exy ~0

= €, = —€)p (1.56)

where we have assumed the product of two infinitesimals to be negligible.
The reality properties demand that

* * * 2
€ = €iky €44 = €44, €34 = —€i4, €5 = —€4k (1.57)

Hence the € matrix becomes

11



0 w3 —wo i)
—Wws3 0 w1 i/\Q

v = wy —wi 0 iXg (1.58)
—iA] —iAg —iA3 O
The vectors
w = (wi,wa,w
@ = (1, w, w5) (1.59)
A= (A1, A2, A3)
are real and infinitesimal but otherwise arbitrary.
Example 4: Let w = (w1,w2,ws), A=(0,0,0) =
1 w3 —wy 0
o —Wws3 1 w1 0
Quy = Wy —wy 1 0 (160)
0 0 0 1

This is a three-dimensional (3-D) rotation where wy,ws,ws are the rotation
angles about the three axes.

Example 5: Let w = (0,0,0), A= (A,0,0) =

1 00i\
o _|o1o00
w=1 0 010

—iA; 00 1

(1.61)

Suppose that v1/c < 1. Then, recalling (1.45), for
ajy =iyp

v/c v1 V1

~i— + O((?)?’) (1.62)

VW=l =i
P V1—0v%/c? c

Thus (1.61) is of the form (1.45), we have a translational Lorentz transfor-
mation in the z-direction.

The generators of infinitesimal Lorentz transformations are the six ma-

12



trices

0O 0 0 O 0O 0—-1 O 0 1 0 O
0O 0 1 0 0O 0 0 O -1 0 0 O
=10 0 0 2T 100 0 BT 000 0
0O 0 0 O 0O 0 0 O 0 0 O
(1.63)
0 0 0 1 0O 0 0 O 0 0 0 O
0O 0 0 O 0O 0 0 1 0O 0 0 O
M=o 00 0] M o0 0 ol M 00 01
-1 0 0 O 0-1 0 O 0 0-1 0
(1.64)
Then we can express
6;LV:£'Q+1A‘A (165)
Theorem : The commutators
[QZ‘, Qk] = Qsz — Qsz; ete. (166)
obey
[, Q] =618
[Aiy Ak] ==6iriU (1.67)
[As, Q] =iy

where the permutation symbol

+1, if ¢, k,1 all different, (ikl) even permutation
Oikt = {8 —1, if 4, k, 1 all different, (ikl) odd permutation (1.68)

0, otherwise

Proof: Explicit calculation. E.g.

0000 0100
1000 0000
=100 2B =0000]
0000 0000
0-1 0 0
1 0 0 0
[91792} = O 0 0 0 = —Qg, (123) even O
0 0 0 0

13



In a more concise form we can express (1.67) for the six generators
Is = (1,92,03, A1, Mg, A3) (1.69)

as
[, 1] = CLIL, (1.70)

where the C?, are called structure constants.

1.4 The Lorentz group

The six generators 21, 29, Q3, A1, Ao, A3 generate the proper Lorentz group,
a continuous group, whose elements are

Bs = (w1, w2, ws,iA1,1A2,1A3) (1.71)
The 3D rotations (1.60) form a subgroup. Adding the inversion
-1
—1
Apy = 1 (1.72)
1

we get the orthocronous Lorentz group. Adding to it the time inversion

1
Ay = 1 (1.73)
-1

we get the full Lorentz group (with eight generators in all).
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