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Jonas Jusélius and Dage Sundholma)

Department of Chemistry, P.O. Box 55 (A.I. Virtasen Aukio 1), FIN-00014 University of Helsinki,
Helsinki, Finland

Jürgen Gaussb)

Institut für Physikalische Chemie, Universita¨t Mainz, Jakob-Welder Weg 11, D-55099 Mainz, Germany

~Received 26 March 2004; accepted 24 May 2004!

A method for calculating the various components of the magnetically induced current-density tensor
using gauge-including atomic orbitals is described. The method is formulated in the framework of
analytical derivative theory, thus enabling implementation at the Hartree–Fock self-consistent-field
~HF-SCF! as well as at electron-correlated levels. First-order induced current densities have been
computed up to the coupled-cluster singles and doubles level~CCSD! augmented by a perturbative
treatment of triple excitations@CCSD~T!# for carbon dioxide and benzene and up to the full
coupled-cluster singles, doubles, and triples~CCSDT! level in the case of ozone. The applicability
of the gauge including magnetically induced current method to larger molecules is demonstrated by
computing first-order current densities for porphin and hexabenzocoronene at the HF-SCF and
density-functional theory level. Furthermore, a scheme for obtaining quantitative values for the
induced currents in a molecule via numerical integration over the current flow is presented. For
benzene, a perpendicular magnetic field induces a~field dependent! ring current of 12.8 nA T21 at
the HF-SCF level using a triple-zeta basis set augmented with polarization functions~TZP!. At the
CCSD~T!/TZP level the induced current was found to be 11.4 nA T21. Gauge invariance and its
relation to charge-current conservation is discussed. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1773136#

I. INTRODUCTION

The current density induced in the molecular electron
density by an external magnetic field is invariant under
gauge transformations. In quantum chemical calculations of
magnetic properties, however, the issue of gauge invariance
is usually limited to the discussion of gauge-origin indepen-
dence, i.e., the transformation properties with respect to a
special class of gauge transformations. Most of the so far
reported calculations of magnetically induced current densi-
ties do not satisfy gauge-origin independence due to the use
of finite basis sets in the same manner as corresponding cal-
culations of nuclear magnetic shielding constants. The use of
gauge-including atomic orbitals~GIAO!, also known as Lon-
don orbitals, represents one, and in our opinion the most
elegant possibility to resolve the gauge-origin problem in
nuclear magnetic shielding calculations.1–24 By employing
explicitly magnetic-field-dependent basis functions the
gauge-origin dependence of calculated nuclear magnetic
shielding constants as well as other magnetic properties can
be eliminated.2 The idea to use field-dependent basis func-
tions to remove the gauge-origin dependence can be traced
back to the work of London.3 It was first used in nuclear
magnetic shielding calculations by Hameka4 and later by

Ditchfield and others.5,21,22However, the actual breakthrough
of the GIAO approach is due to the work of Wolinski
et al.,6,7 who demonstrated that modern analytic derivative
theory25 can be efficiently used for the calculation of nuclear
magnetic shieldings within the GIAO framework. The GIAO
approach has since then been implemented in most of the
popular quantum chemical program systems8–11 and also ex-
tended to computational levels beyond the Hartree–Fock
level.8,10–20,23

Even though the use of GIAOs is currently the most
popular approach to resolve the gauge-origin issue in shield-
ing calculations,1 magnetically induced current densities are
in most cases still obtained using computational methods
with an explicit gauge-origin dependence.26,27 Recently, the
continuous transformation of current-density~CTOCD!
approach26–36 has become available for computing induced
current densities. In this approach, the gauge-origin problem
is resolved by using a different gauge origin for each point
for which the current density is calculated. Within the
CTOCD-DZ variant the gauge origin is identical to the point
at which the current density is computed,30,31 while in the
CTOCD-PZ variant the gauge origin is chosen such that the
transverse component of the paramagnetic current density is
annihilated.32–34 Improved CTOCD approaches obtained by
shifting the gauge origin have also been suggested.28,29,33,34

Experience with nuclear magnetic shieldings, however, indi-
cates that the CTOCD schemes generally are less efficient

a!Electronic mail: jonas@chem.helsinki.fi, sundholm@chem.helsinki.fi
b!Electronic mail: gauss@mail.uni-mainz.de

JOURNAL OF CHEMICAL PHYSICS VOLUME 121, NUMBER 9 1 SEPTEMBER 2004

39520021-9606/2004/121(9)/3952/12/$22.00 © 2004 American Institute of Physics

Downloaded 19 Aug 2004 to 128.146.233.123. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

http://dx.doi.org/10.1063/1.1773136


than the GIAO approach for computing magnetic
properties.37

In this article, we present a new computational approach
to calculate magnetically induced current densities based on
GIAOs and analytical derivative theory. Due to the use of
GIAOs, no reference to the gauge origin appears in the final
expression for the first-order induced current density. The
obtained currents are gauge-origin independent but gauge in-
variance is achieved only in the limit of complete basis set.
The derivation is based on the Biot–Savart expression for the
nuclear magnetic shielding tensor26,30,38as well as the corre-
sponding expressions obtained within analytic derivative
theory.6,10,12–14,17The resulting expression is cast in a form
which only requires knowledge about the unperturbed and
perturbed one-electron density matrices. Current densities
can thus be calculated within the present approach at all
computational levels for which these one-electron density
matrices are available. The presented scheme is applied to
carbon dioxide (CO2), ozone (O3), and benzene (C6H6) at
various electron-correlated quantum chemical levels as well
as to large molecular systems such as porphin (C20N4H14)
and hexabenzocoronene (C42H18) at the Hartree–Fock self-
consistent-field ~HF-SCF! and density-functional-theory
level.

In an external magnetic field, aromatic and anti-aromatic
molecules sustain induced ring currents whose strength can
be used as a measure for the degree of aromaticity
~anti-aromaticity!.39,40 The induced ring current leads to an
additional~induced! magnetic field that can be observed as a
long-range magnetic shielding contribution. In our previous
work,41–47 we estimated ring-current strengths from the
shape of the long-range magnetic shielding function based
on Biot–Savart’s law for an infinitely thin and circular con-
ductor. In the present paper, we obtain the ring-current
strengths for benzene, porphin, and hexabenzocoronene di-
rectly via explicit numerical integration over the net current
flow through one of the bond cross sections within the con-
sidered molecular ring. This approach has the advantage that
current strengths can also be obtained for molecules with
complex connected ring structures~such as, for example, in
the case of hexabenzocoronene! and thus provides a detailed
and quantitative magnetic measure of aromaticity.

II. THEORY

A. The current density

In the presence of a uniform, time-independent magnetic
field with a flux B, a current densityJ is induced within the
molecular electron density:

J~r !5
i

2 E dr2 ...drn~C*“C2C“C* 12iAC* C!.

~1!

In Eq. ~1!, C is the wave function, andA is the vector po-
tential describing both the external magnetic field and the
magnetic fields arising from the nuclei in a molecule

A~r !5AB~r !1(
I

N

AmI~r ! ~2!

with

AB~r !5 1
2 BÃ~r2RO! ~3!

and

AmI~r !5a2
mI3~r2RI !

ur2RI u3 . ~4!

In the given equations,RO represents the chosen gauge ori-
gin of the magnetic field,mI the nuclear magnetic moment of
the I th nucleus andRI the position of this nucleus, anda is
the fine-structure constant. Atomic units are used in this
work. In an isolated system charge conservation holds, i.e.,
charge cannot be created nor destroyed. For a molecule in a
stationary state the charge-conservation condition becomes
“"J50. For closed-shell molecules in the absence of an ex-
ternal magnetic field, this reduces toJ50.

In an isotropic medium, the magnetic flux densityB is
uniquely defined via the vector potentialA. However, the
reverse is not true since B5“Ã(A(r )1“F(r ))
5“ÃA(r ). Here,F~r ! stands for an arbitrary scalar func-
tion, thus rendering the choice of the gauge~or more specifi-
cally the gauge originRO) for a magnetic field undeter-
mined. While gauge-invariance holds for the exact solution
of the Schro¨dinger equations and also for some approximate
solutions when using a complete one-particle basis set,48 the
use of finite one-particle basis sets unavoidably introduces a
gauge-dependence in quantum chemical calculations of mag-
netic properties. A number of different approaches exist to
remedy this problem.3–7,49,50None of these approaches ac-
complish true gauge invariance but rather gauge-origin inde-
pendence. In the present work, gauge-origin independence is
obtained by using GIAOs,

xm~r !5e2 ~ i /2!(BÃ[Rm2RO] "r )xm
(0)~r !. ~5!

In Eq. ~5!, xm
(0)(r ) denotes a standard Gaussian-type basis

function with Rm as center andRO as the chosen gauge ori-
gin. The use of GIAOs eliminates all explicit reference to the
~global! gauge originRO in the corresponding expressions
and in addition it ensures rapid basis-set convergence for the
corresponding second-order magnetic properties.

B. Analytic derivative based current-density theory

The electronic energy of a molecular system can gener-
ally be written in terms of density matrices as

E5(
mn

hmnDmn1
1

2 (
mnsr

gmsnrdmsnr , ~6!

wherehmn andgmsnr are the one- and two-electron interac-
tion integrals,

hmn5E drxm* ĥxn ,

gmsnr5E E dr1dr2xm* xs* r 12
21xnxr , ~7!

Dmn anddmsnr the one- and two-electron density matrices in
the atomic-orbital representation, andĥ the one-electron
Hamiltonian. To derive a derivative-theory-based expression
for the magnetically induced current density, we start from
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the corresponding derivative expression for the nuclear mag-
netic shielding tensor that is obtained by differentiating the
total energy in Eq.~6! with respect to the nuclear magnetic
moments and the components of the external magnetic field
in the limit of zero magnetic field:

sab
I 5

]2E

]ma
I ]Bb

U
B50
mI50

. ~8!

Evaluating Eq.~8! via the energy expression in Eq.~6! yields
the following expression for the magnetic shielding tensor
elements;

sab
I 5(

mn
Dmn

]2hmn

]ma
I ]Bb

1(
mn

]Dmn

]Bb

]hmn

]ma
I ~9!

with ]Dmn /]Bb as the magnetically perturbed density matri-
ces and]hmn /]ma

I as well as]2hmn /]ma
I ]Bb as the corre-

sponding derivatives of the integrals ofĥ in the AO repre-
sentation.

On the other hand, the second-order interaction energy
due to the interaction of nuclear magnetic moments with an
external magnetic field can also be given in terms of the
current density and the vector potential due to the corre-
sponding nuclear magnetic moment,26

EmB52E AmI~r !"JB~r !dr . ~10!

Evaluation of the second derivative in Eq.~8! using Eq.~10!
yields an alternative expression for the nuclear magnetic
shielding tensor

sab
I 52eadgE ~r d2RId!

ur2RI u3 J g
Bbdr , ~11!

where

J g
Bb~r !5

]Jg~r !

]Bb
~12!

are the tensor elements of the first-order induced current den-
sity, andeadg is the Levi-Civita tensor. Equating Eqs.~9! and
~11! and explicitly introducing the one-electron basis func-
tions, we obtain the following equation that relates nuclear
magnetic shieldings and the current-density tensor:

E (
mn

Dmn

]2

]ma
I ]Bb

$xm* ~r !ĥxn~r !%dr

1E (
mn

]Dmn

]Bb

]

]ma
I $xm* ~r !ĥxn~r !%dr

52eadgE ~r d2RId!

ur2RI u3
J g

Bb~r !dr . ~13!

It can easily be seen from the general expression for the
magnetic interaction energyEmB that the integrands on the
left- and right-hand sides of Eq.~13! must be identical. In
order to determineJ g

Bb(r ) in discrete space points we drop
the integral signs on both sides in Eq.~13!. Together with the
use of field-dependent basis functions@Eq. ~5!# this yields

2eadg

~r d2RId!

ur2RI u3 J g
Bb~r !5(

mn

]Dmn

]Bb
xm* ~r !

]ĥ

]ma
I xn~r !

1(
mn

Dmn

]xm* ~r !

]Bb

]ĥ

]ma
I xn~r !

1(
mn

Dmnxm* ~r !
]ĥ

]ma
I H ]xn~r !

]Bb
J

1(
mn

Dmnxm* ~r !
]2ĥ

]ma
I ]Bb

xn~r !

~14!

with the derivatives of the one-electron Hamiltonian given
by

]ĥ

]mI
U

B50
mI50

5a2
~r2RI !Ãp

ur2RI u3
, ~15!

]2ĥ

]mI]B
U

B50
mI50

5
a2

2

@~r2RO!"~r2RI !12~r2RO!~r2RI !#

ur2RI u3 .

~16!

Although these operators explicitly depend on the gauge ori-
gin RO and thus seem to render the first-order current tensor
gauge dependent, it can be shown that the gauge-dependent
terms cancel exactly against terms arising from the differen-
tiation of the GIAOs.

Further simplifications of Eq.~14! yield the working
equations for the calculation of the various components of
the magnetically induced current-density tensor,J a

Bb(r ),

J a
Bb~r !5(

mn
Dmn

]xm* ~r !

]Bb

]h̃

]ma
I xn~r !

1(
mn

Dmnxm* ~r !
]h̃

]ma
I

]xn~r !

]Bb

1(
mn

]Dmn

]Bb
xm* ~r !

]h̃

]ma
I xn~r !

2eabdF(
mn

Dmnxm* ~r !
]2h̃

]ma
I ]Bd

xn~r !G , ~17!

where we have defined a new set of operators,]h̃/]ma
I and

]2h̃/]ma
I ]Bd , without the denominatorur2RI u3. Note that

Eq. ~17! is easily evaluated at any space point, since it only
involves basis functions and derivatives of basis functions at
that point as well as the corresponding one-electron density
matrices. It should be also noted that the explicit dependence
of each individual contribution on the nuclear positionRI

cancels out in the sum of all contributions, thus making the
current-density tensor independent of the nuclear positions
RI and the magnetic momentsma

I , as it should be.
It is also possible to derive an expression forJ a

Bb in
terms of the corresponding expressions for the magnetizabil-
ity tensor. Although such an approach might seem to be more
natural, since the first-order current density is independent of
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the nuclear magnetic moments, this approach leads to com-
plications when working with GIAOs. Due to the magnetic-
field dependence of GIAOs the generalized Hellmann–
Feynman theorem cannot be as easily applied when
evaluating Eq.~8! thus rendering that approach more in-
volved.

C. Implementation details

In order to implement the given equations forJ a
Bb(r ) in

a computer program, it is advantageous to recast Eq.~17! in
a matrix-vector form. The starting point for such a form is a
vectorv whose vector elements consist of the basis-function
values at each grid pointr . Furthermore, we need to evaluate
the derivative values of the basis functions with respect tox,
y, andz. Due to the explicit field dependence of the GIAOs
we also need to evaluate the first derivative of the basis func-
tions with respect to the components of the external magnetic
field as well as a mixed second derivative with respect toB
and x, y, and z. The vector expression forJ a

Bb(r ) is then
given by

Ja
Bb5vTPbda2bb

TDda1vTDqab2eabg
1
2 ~vTDv!rg

~18!

with D as the AO density matrix,Pa the perturbed AO den-
sity matrices, and the quantitiesba , da , qab given by

ba5
]v

]Ba
, ~19!

da5
]v

]ra
~a,b5x,y,z!, ~20!

qab5
]2v

]raBb
. ~21!

The density matricesD and Pa are obtained from standard
ab initio program packages capable of calculating nuclear
magnetic shielding tensors.

D. Integration of current densities

Although the current density is a proper quantum me-
chanical observable, it has not been directly observed experi-
mentally. As such, current-density maps can convey informa-
tion about molecules, thus aiding the understanding of the
current paths in the molecule. However, current-density plots
do not provide any quantifiable measures of the current
strengths nor are they suitable for comparing current
strengths in different molecular systems. By integration over
the current flow passing through specific bonds, it is possible
to obtain the net current strengths around a molecular ring or
through a bond. In noncyclic molecules, the net current flow,
however, must be zero, in order for the law of charge con-
servation to hold.

The integration of the current density is carried out using
two-dimensional Gaussian or Lobatto quadrature51 over a
bond cross section. The Gauss integration pointsxi are given
by the nodes of the Legendre polynomialsPn(x), while the
integration weightswi

G are obtained from the differentiated
polynomials,

S dPn~xi !

dx D .

In one dimension, Gauss quadrature yields

E
a

b

f ~x!dx5 (
k51

m S (
i 51

n

wi
Gf k~xi !D , ~22!

where the sum overk originates from the piecewise integra-
tion and f k is the function f shifted to @21,1# on the kth
interval. The integration weights are given by

wi
G5

2

~12xi
2!

S dPn~xi !

dx D 2

. ~23!

In the Lobatto integration, the integration points are de-
termined via the nodes of the first derivative of the Legendre
polynomials of ordern21,

S dPn21~x!

dx D .

In addition, the function values at the end points of the in-
terval are also considered in the Lobatto integration. The
integration weightswi

L are obtained fromPn21(xi). The
one-dimensional Lobatto quadrature then reads

E
a

b

f ~x!dx5 (
k51

m S w1
L f k~21!1wn

L f k~1!1 (
i 52

n21

wi
L f k~xi !D

~24!

with the corresponding weights given by

wi
L5

2

n~n21!~Pn21~xi !!2 ~25!

and the integration weights for the end points by

w1
L5wn

L5
2

n~n21!
. ~26!

Numerical values for the integration points and weights are
tabulated in Ref. 51.

Cyclic systems such as aromatic molecules can sustain a
net current that flows around the molecular rings. The net
current should be independent of where in the ring it is cal-
culated. Due to practical issues, this is not necessarily always
the case. In the numerical integration of the currents passing
a given bond, one has to be careful where and how to cut the
bond. The choice of grid and method of integration is by far
less critical. For benzene, convergence of the integrated cur-
rent is achieved with a grid that starts in the ring center,
passes through the center of the bond, and is perpendicular to
the molecular plane. The integration area has to be extended
to about 5 bohr outside the bond and 5 bohr above and below
the ring to incorporate the most significant part of the current
flow. In principle, it does not matter where the bond cross
section is positioned, but it is recommended to use cross
sections containing the bond midpoint. The reason is that in
the vicinity of the nuclei, the current-density vector field can
be rather strong and thus render integration more difficult.
Dense grids are then needed to converge the integrals, while
for integrations over bond cross sections containing the bond
midpoint as few as 20 grid points in each direction are often
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sufficient for obtaining accurate integral values. The diver-
gence problem discussed in Sec. II E also suggests that the
integration plane is chosen as far away from the nuclei as
possible.

For noncyclic molecules~e.g., carbon dioxide, ozone!
the net current is necessarily zero. In spite of this, it is still
possible to obtain the strength of the current in individual
bonds by splitting the integral into positive and negative con-
tributions, or alternatively, integrating over only half of the
bond cross section. Currents obtained in such a way are how-
ever dependent on the location of the cut-plane. Such ‘‘bond
currents’’ might prove useful as some kind of measure of
electron delocalization.

E. The divergence of the current

As mentioned earlier, the current obeys the law of charge
conservation, i.e., the divergence of the current must be zero
in every point of space. This requirement holds for time-
independent systems. For time-dependent systems, the diver-
gence must be equal to a corresponding change of the den-
sity at time t. Alternatively, the law of charge conservation
can be viewed as a consequence of gauge invariance.52 Thus,
if true gauge invariance is not achieved, the calculated cur-
rent will to some extent be divergent. Epstein has showed
that the use of GIAOs does not necessarily lead to the ex-
pected current conservation52 even though the magnetic
shielding tensor is gauge-origin independent. This is not sur-
prising, since the GIAO approach can be viewed as a recipe
for the unique definition of a set of local gauge-origins for
the basis functions. Gauge-origin dependence is in this way
eliminated, but gauge invariance cannot achieved in this
manner. The use of GIAOs significantly improve basis-set
convergence toward gauge invariant results at the basis-set
limit, in particular for nuclear magnetic shielding tensors.

By calculating the divergence of the current (“"J(r )) in
selected points of space, one can obtain a measure of the
gauge-invariance errors, and thus of the basis-set complete-
ness. In our code, the divergence is calculated by using a five
point formula for numerical differentiation on a locally tight,
three-dimensional grid. The law of charge conservation can
alternatively be expressed using the Sambe–Epstein integral
condition for charge-current conservation26

E J~r !dr50. ~27!

For molecules with a center of inversion this integral is for
symmetry reasons equal to zero, whereas for general mol-
ecules, Eq.~27! is fulfilled only when the charge is con-
served.

III. COMPUTATIONAL DETAILS

First-order induced current densities have been com-
puted for carbon dioxide (CO2), ozone (O3), and benzene
(C6H6) at Hartree–Fock self-consistent-field~HF-SCF! and
density-functional theory~DFT! levels using the above
theory as implemented in the programGIMIC. The current
densities at the DFT level are obtained within the usual as-
sumption that the exchange-correlation functional depends

only on the electron density, since DFT studies indicated that
current-density functionals are so far unable to provide an
improved description of the magnetic perturbations.18 The
induced current densities for CO2, O3 , and C6H6 have also
been studied at various coupled-cluster~CC! levels such as
CC singles and doubles~CCSD! and CCSD augmented by a
perturbative treatment of triple excitations@CCSD~T!#. For
O3 , additional calculations at the full CC singles, doubles,
triples ~CCSDT! level have been performed. All calculations
have been carried out using equilibrium geometries opti-
mized at the CCSD~T! level using Dunning’s correlation-
consistent polarized valence quadruple-zeta~cc-pVQZ!
basis.53

For CO2, the basis-set convergence was checked at dif-
ferent levels of theory by performing calculations with in-
creasing size of the basis set. The following sets that have
already proven useful in shielding calculations have been
used: split-valence plus polarization~SVP!, triple-zeta single
and double polarization~TZP and TZ2P!, quadruple-zeta
double polarization~QZ2P!, and a polarized near pentuple-
zeta quality basis~PZ3D2F!.54,55 In the study of charge con-
servation, Dunning’s pentuple-zeta~cc-pV5Z! basis sets
were used.53,56

The molecular structures of porphin (C20N4H14) and
hexabenzocoronene (C42H18) have been obtained at the
resolution-of-identity density-functional-theory~RI-DFT!
level57 using the Becke–Perdew~BP86! functional58–60 to-
gether with the SVP basis set. In the current-density calcula-
tions on C42H18, a triple-zeta quality basis sets augmented
by polarization functions~TZP! were employed,55 whereas in
the current-density calculations on porphin we used triple-
zeta valence basis sets augmented by polarization functions
~TZVP!.61

Calculations of the unperturbed and perturbed density
matrices have been performed using the Mainz-Austin-
Version of theACES II program package62 ~MP2 and CC cal-
culations! as well as theTURBOMOLE program package55

~HF-SCF and DFT calculations!.

IV. RESULTS

A. Carbon dioxide

Carbon dioxide (CO2) is a fairly simple molecule whose
current density has previously been studied by Zanasi
et al.26,32A visual comparison of the current density for CO2

calculated at the HF-SCF level with the corresponding cur-
rent density reported in Ref. 32 shows that the two indepen-
dent approaches provide essentially identical current densi-
ties. In Fig. 1~a!, the magnitude~modulus! of the first-order
induced current density is shown. The displayed current den-
sity is calculated in a plane containing the nuclei with the
external magnetic field perpendicular to the plane. In Fig.
1~b!, the current vectors projected onto the plane are shown.
The vectors have been obtained by contracting the current-
density tensorJ a

Bb(r ) with the applied external magnetic
field.

The basis-set study shows that the calculated current
density is rather basis-set independent. Since one hardly can
see any differences in the plotted current densities calculated
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with different basis sets, the integrated current strength is
used to illustrate the convergence. The reported strengths
have been obtained by numerical integration over half of the
bond cross section~note that the full integration yields a
vanishing current strength! containing the midpoint of the
CO bond. In the basis-set study, we considered the SVP, TZP,
TZ2P, QZ2P, PZ3D2F, and cc-pV5Z sets. Although these sets
have not been constructed in a systematic manner, the expe-
rience is that they work rather well for magnetic properties.
As seen in Fig. 2, the current strength decreases monoto-
nously by about 3% when increasing the basis-set size from
SVP to PZ3D2F. The only exception is the current density
obtained using the TZ2P basis sets. The integrated currents
obtained with the TZ2P basis set are somewhat larger than
those calculated using the TZP, QZ2P, and PZ3d2F basis
sets; the TZ2P basis set seems to be somewhat unbalanced
compared to the other basis sets employed.

Electron-correlation effects on the current density of
CO2 have been investigated by performing MP2, CCSD,

CCSD~T!, and DFT calculations. As one might expect, the
electron-correlation contributions to the current density of
CO2 are found to be small. The basis-set dependence of the
integrated current calculated at the different levels of theory
is shown in Fig. 2. The electron correlation reduces the inte-
grated current strength for CO2 by roughly 6%. Since both
basis-set errors and electron-correlation corrections decrease
the induced current, the current strength calculated at the
CCSD~T!/PZ3D2F level is about 9% smaller than the corre-
sponding HF-SCF/SVP value.

B. Benzene

Benzene is the classic example of an aromatic molecule.
The criteria often used for aromaticity are low reactivity,
planar structure, energetic stability, proton chemical shifts,
and magnetic susceptibility anisotropy.63 The concept of aro-
maticity has also been extended to molecules that deviate
~slightly! from planarity such as homoaromatic molecules,47

and even to three-dimensional molecules.64

The reason for the large magnetic susceptibility anisot-
ropy is the strong ring current in the molecular frame in-
duced by the external magnetic field. The strength of the ring
current is today a generally accepted measure of
aromaticity.3,26,39,50,65–72We have previously estimated the
strength of the induced ring current by applying our aromatic
ring-current shielding~ARCS! method.41 Using this method,
a ring-current strength of 8.0 nA T21 was estimated for ben-
zene from the long-range magnetic shielding. However, for
molecules with connected rings and complex three-
dimensional structures, no reliable means to quantify the cur-
rent strengths have existed so far.

In the present work, we use current-density calculations
to determine the induced currents in benzene. The strength of
the ring current is obtained by numerical integration of the
net current through a bond cross section of one C–C bond.
The calculations were performed at the HF-SCF and at vari-
ous electron-correlated levels of theory using the TZP basis
set. The obtained ring-current strengths are summarized in
Table I. Electron-correlation effects on the ring-current

FIG. 1. The magnitude~a! and direction~b! of the induced current density
~in a.u.! calculated in the molecular plane of CO2 at the HF-SCF/TZP level.

FIG. 2. The basis-set convergence for the induced current~in nA T21)
calculated at the HF-SCF, DFT-BP86, MP2, CCSD, and CCSD~T! levels
for CO2 .
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strength in benzene amount to about 10%. At the CCSD~T!
level, we obtain a net current strength of 11.4 nA T21 as
compared to the previous ARCS estimate of 8.0 nA T21.

In Fig. 3~a!, the current-vector field in the molecular
plane is shown for the case of a perpendicular magnetic field.
In Fig. 3~b!, a similar plot of the current-vector field for a
plane 1 bohr above the molecular plane is displayed. It can
be seen that the net current in the molecular plane is essen-
tially zero, while in the plane 1 bohr above the ring, a net
current is clearly visible. This means that the ring current is
induced in the ‘‘p-electron cloud’’ and that significantly less
current is flowing along thes-bond framework.

C. Ozone

Ozone was chosen as an example for a molecule for
which an accurate electron-correlation treatment is of great
importance for a proper determination of the wave function.
Although it is a particularly difficult system that is unusually
badly described by single-reference methods, accurate
nuclear magnetic shieldings have been obtained at the
CCSDT level.17 Due to the correspondence between nuclear
magnetic shieldings and current densities, we are thus confi-
dent that the current density in ozone is also reasonably well
described at the CCSDT level. Figure 4 shows the magnitude
and the directions of the induced current density in ozone.
When comparing the current density obtained at the CCSDT
level with those calculated at the HF-SCF level, it is imme-
diately obvious that for O3 the current density is strongly
affected by the electron-correlation effects. At the HF-SCF
level, the circulation around the central oxygen is found to be
significantly weaker as compared to the current density cal-
culated at the CCSDT level. Similar comparisons of current
densities calculated at the the MP2, CCSD, CCSD~T!, and
DFT levels reveal that the qualitative picture is correct at
these levels of theory, but there are though substantial differ-
ences in the current densities around the nuclei, especially in
the vicinity of the central oxygen.

D. Hexabenzocoronene

Hexabenzocoronene (C42H18) is a planar molecule con-
sisting of 13 fused benzene rings belonging to theD6h point
group. Hexabenzocoronene has been chosen here to repre-
sent large molecules in order to show the applicability of
current-density calculations to both larger and more compli-
cated molecules with connected rings. Since each of the

fused benzene rings in C42H18 could in principle carry its
own ring-current, it is not obvious which pathway the overall
current actually takes and how strong are the net currents in
the bonds of the molecule. The current density for C42H18

calculated at the DFT-BP86/SVP level is shown in Fig. 5. In
Fig. 5~a!, the current density calculated in a plane 1 bohr
above the molecular framework is shown. The calculations
clearly show that preferred aromatic pathways exist. This is
seen even more clearly in Fig. 5~b!, which shows the modu-
lus of the current 1 bohr above the molecular plane. The
calculations show the main current pathways; one around the

FIG. 3. The induced current density in benzene calculated at the HF-SCF/
TZP level.~a! The current density in the plane defined by the nuclei, and~b!
1 bohr above the molecular plane with the magnetic field chosen perpen-
dicular to the molecular plane.

TABLE I. The strength of the induced ring current~current susceptibility, in
nA T21) in benzene and the positive current contribution at the center oxy-
gen in ozone calculated at different levels of theory using the TZP basis set.

Level Benzene Ozone

HF-SCF 12.81 225.89
DFT-BP86 11.41 23.23
MP2 12.04 145.21
CCSD 11.79 107.35
CCSD~T! 11.43 93.99
CCSDT 100.85
ARCSa 8.0

aSee Ref. 41.
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central benzene ring, and another is along the outer edges of
the molecule. The main current pathways conform to Hu¨ck-
els 4n12 p-electron rule. The smaller paths having six
p-electrons and the large path involves 30p-electrons.

The current-density plots does not provide any accurate
information about the absolute current strengths and how
strong they are as compared to the current strengths in ben-
zene, i.e., they do not provide any quantitative measure of
the degree of aromaticity of C42H18.73 In order to quantify
the current strength in the different bonds, the current density
passing the cut plane at the center of the bond and perpen-

dicular to the bond was integrated numerically. The rings of
the benzo groups@cut-plane throughx–d in Fig. 5~b!# sustain
an individual current of 7.5 nA T21. The current strength
along the molecular edge~a–d! around the whole molecule
is 7.7 nA T21 yielding a total current of about 15 nA T21 in
the outer half~x–e! of the benzo groups. The benzene ring at
the molecular center (o2a) sustains a current of
13.5 nA T21. These values were calculated at the HF-SCF/

FIG. 4. The induced currents for ozone calculated at the CCSDT/TZP level
~a! and the difference in the currents obtained at the CCSDT/TZP and HF-
SCF/TZP levels~b!. The currents are displayed in the plane containing the
nuclei with the magnetic field chosen perpendicular to this plane.

FIG. 5. The induced current density~a! and the modulus of the current
density~b! for hexabenzocoronene calculated at the DFT-BP86/TZP level.
The current density is displayed in a plane parallel to the molecular frame-
work and 1 bohr above it with the magnetic field chosen perpendicular to the
molecular plane. The symbols are used to define the cut planes for the
numerical integration of the currents.
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TZP level. The corresponding currents obtained at the DFT-
BP86/TZP level are somewhat smaller. The net current
strengths are summarized in Table II.

E. Porphin

Free-base porphyrin or porphin (C20N4H14) consists of
four pyrrolic rings connected by conjugated bonds to form a
macro cycle. The aromaticity and the aromatic pathways of
porphyrins have been subject to numerous studies.42,74–80In
this work, we have calculated both the induced current den-
sity and the current strength in the different bonds of porphin
at the DFT-BP86/TZVP level. See Table III. The induced
currents in porphin~with the magnetic field perpendicular to
the molecular plane! 1 bohr above the molecular framework
is shown in Fig. 6. In the figure, it can be seen that the most
preferential path for the current is on the ‘‘back side’’ of
pyrrole units with an inner hydrogen atom and on the ‘‘in-
side’’ of pyrrole units lacking the inner hydrogen. The inte-
grated values for the current also clearly shows this trend.
For the pyrrolic ring with an inner hydrogen the ‘‘back side’’
current is 18.1 nA T21, whereas the inside current is only
8.2 nA T21. The corresponding values for the pyrrolic ring
without the inner hydrogen are 12.0 and 14.0 nA T21, re-
spectively. The total aromatic path is thus clearly a superpo-
sition of several aromatic pathways fulfilling the 4n12
Hückel rule. An interesting feature of this phenomenon is the
additivity of the currents in the conjugated bridges which
have an integrated current of 25.9 nA T21, which is the sum
of the inner and outer currents in the pyrrole units.

F. Current conservation

Calculations of the divergence for H2 and CO2 at the
HF-SCF/SVP level showed that the divergence of the current

significantly deviates from zero in the vicinity of the nuclei,
and in regions where the current direction changes rapidly.
By systematically augmenting the basis sets with functions
of higher l -quantum numbers, the divergence slowly con-
verges toward small values even close to the nuclei@see Figs.
7~b! and 7~c!#. For H2 , the use of a basis set of cc-pV5Z
quality reduces the maximum value of the divergence to a
value which is for all practical purposes equal to zero. The
same quality basis for CO2 still yields nonzero divergence
near the nuclei. Discouraging as this may seem, a corre-
sponding HF-SCF/SVP calculation without GIAOs and with
the gauge origin at the carbon atom yields a maximum value
of the divergence which is more than factor of 15 times
larger than the largest divergence of the GIAO calculation. In
the conventional calculation, the divergence also has a much
broader spatial distribution. The effect of the GIAOs on the
divergence can clearly be seen in Figs. 7~a! and 7~b!. How-
ever, judging the magnitude of the divergence is not always
easy. Therefore, one has to examine other properties of the
current to be able to evaluate the quality of the results. The
difference in the currents calculated at the HF-SCF/SVP and
HF-SCF/cc-pV5Z levels is found to be small@see Figs. 1,
8~a!, and 8~b!#.

Also, by studying the convergence of the integrated cur-
rent through a bond, one finds that induced current only
changes by few percent when increasing the basis-set size
from SVP to cc-pV5Z. At the HF-SCF level, the integrated
value for the current passing half of the bond in CO2 de-
creases from 10.03 to 9.81 nA T21 when increasing the
basis-set size from SVP to cc-pV5Z. For noncyclic mol-
ecules, for which the symmetry does not constrain the total

FIG. 6. The induced current density for porphin calculated at the
DFT-BP86/TZVP level. The current is displayed in a plane parallel to the
molecular framework and 1 bohr above it with the magnetic field chosen
perpendicular to the molecular plane. The symbols are used to define the cut
planes for the numerical integration of the currents.

TABLE II. The strength of the induced ring current~current susceptibility,
in nA T21) in C–C bonds for hexabenzocoronene calculated at the HF-SCF/
TZP and DFT-BP86/TZP levels using the RI-DFT-BP86/SVP structure.

Bond HF-SCF/TZP DFT-BP86/TZP

o–a 13.46 10.93
a–b 0.00 0.00
a–x 27.50 27.69
a–d 7.74 6.30
x–e 15.48 12.91
x–g 214.96 212.30
o–d 21.20 17.22
a–f 7.47 4.64

TABLE III. The strength of the induced ring current~current susceptibility,
in nA T21) in C–C and C–N bonds for porphin calculated at the DFT-
BP86/TZVP level using the RI-DFT-BP86/SVP structure.

Bond DFT-BP86/TZVP

a–b 18.12
e–f 25.89
d–x 12.04
a–e 8.20
e–x 13.95
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current to be zero, the effects of the nonzero divergence can
be seen more clearly. In water and ozone, which belong to
the C2v point group, the integrated current through the sym-
metry plane is particularly hard to converge to zero, because
the cut plane goes through a nucleus where the divergence is
large. For water, the difference between positive and nega-
tive current contributions calculated at the HF-SCF/SVP
level is 0.68 nA T21 as compared to the individual contribu-
tions of 24.67 and223.99 nA T21, respectively. The corre-
sponding values obtained in a HF-SCF/cc-pV5Z calculation
are 0.0002, 23.4171, and223.4169 nA T21, respectively.

By evaluating the Sambe–Epstein condition in Eq.~27!
separately for each tensor component, one can estimate the
total current leakage. At the HF-SCF/SVP level, the total
leakage of thexy andyx components of the current tensor is
23.95 and 2.45 nA T21, respectively, whereas at the HF-
SCF/cc-pV5Z level, the corresponding values are20.2295
and 0.0044 nA T21. Thus, even though the divergence is not
equal to zero in every point in space and the current leakage

does not seem to be negligible, the integrated currents are
well converged even when using fairly small standard basis
sets.

V. SUMMARY AND OUTLOOK

We have presented a novel method for calculating mag-
netically induced current densities, and applied it to carbon
dioxide, ozone, benzene, hexabenzocoronene, and porphin.
Since GIAOs are used in the present approach, accurate cur-
rent densities are in general obtained already with standard
basis sets of SVP quality. The method thus opens the avenue
to current-density calculations on large molecules of nano-
technological importance. In the current-density calculation,

FIG. 7. The divergence of the current in CO2 obtained in a conventional
HF-SCF/SVP calculation~a!. The corresponding divergence plots obtained
at the GIAO HF-SCF/SVP and the GIAO HF-SCF/cc-pV5Z levels are de-
picted in ~b! and ~c!, respectively. The iso-surfaces have been drawn to
encompass any divergence larger than 0.01.

FIG. 8. The difference between induced current in CO2 obtained using the
SVP and cc-pV5Z basis sets~a!, and the same figure enlarged ten times
in ~b!.
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the one-electron density matrices of magnetic shielding cal-
culations and the basis-set information are the only refer-
ences to the electron structure calculation implying that it is
the magnetic shielding calculation that completely deter-
mines the applicability of the method; molecules with
hundreds of atoms can be studied at the HF-SCF and DFT
levels. The method can also be applied at any quantum
chemical level of theory for which the one-electron density
matrix and the one-electron perturbed density matrices
are available. Current-density calculations at correlated lev-
els are demonstrated here by DFT, MP2, CCSD, CCSD~T!,
and CCSDT calculations. To our knowledge, this is the first
time molecular current densities have been calculated at
electron-correlated levels of theory. Accurate current densi-
ties can also assist the development of new current-density
functionals.81

Current-density plots can convey information about mol-
ecules, but such plots are not always too informative. Addi-
tional information about current strengths in bonds and cur-
rent pathways in rings can be obtained by numerical
integration of the current density passing selected cross sec-
tions in the molecule. The numerical integration provides
values that can be used to quantify chemical concepts such
as molecular aromaticity, electron delocalization, and mo-
lecular conductivity.
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