CorrecTe d co{pj

ACTA ACADEMIAE ABOENSIS, SER. B

MATHEMATICA ET PHYSICA
MATEM ATIK, NATURVETENSKAPER, TEKNIK

Vol. 43 nr 2

TABLES OF REPRESENTATION AND ROTATION MATRICES
FOR THE RELATIVISTIC IRREDUCIBLE REPRESENTATIONS
OF 38 POINT GROUPS

By
PEKKA PYYKKO and HANNU TOIVONEN

ABO AKADEMI
ABO 1983







ACTA ACADEMIAE ABOENSIS, SER. B

Vol. 43 nr 2

TABLES OF REPRESENTATION AND ROTATION MATRICES
FOR THE RELATIVISTIC IRREDUCIBLE REPRESENTATIONS
OF 38 POINT GROUPS |

By
PEKKA PYYKKO

Institutionen for fysikalisk kemi,
Abo Akademi; 20500 Abo 50, Finland

and
HANNU TOIVONEN

Institutionen for anliggningsteknik,
Abo Akademi, 20500 Abo 50, Finland
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representations of the 32 crystallographic point groups and of the linear and five-fold symmetry
groups.

1. INTRODUCTION

Explicit tables of representation and rotation matrices for various double point groups
are useful for constructing relativistic molecular orbitals or for assigning them.

The representation matrices for the groups C,,, Cy,, D3y, Cyy, Dy, Ty,0and Oy
were published by Onodera and Okazaki [1] and those for Dy, by Toivonen and
Pyykkoé [2]. The purpose of the present tables is to give for future reference the
representation and rotation matrices and the corresponding basis functions for the 38
point groups enumerated in Appendix 1. The eight-fold and the icosahedral groups are
missing from the present compilation. Unless otherwise indicated, the treatment is based
on and consistent with the tables of Koster et al. [3]. The conventions are defined in
Appendix 2 and the resulting tables given in Appendix 3.
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2. THEORY !

Symmetry operaiions. The group elements are n-fold rotations, C_, reflexion planes, g,
or rotation reflexions, S . The inversion is denoted by I'and the identity by E. For the
irreducible representations, all the usual labels are given, i.e. the I'; notation of Bethe
(1929) (also used by Bradley and Cracknell [4] and by Koster et al. [3]), the Griffith [5]
notation and the Herzberg [6] notation.

Rotation operators. Consider an operator R giving the coordinates in a rotated system,

r' = Re 0

Let the operator 'PR act on a scalar function f(r) in Hilbert space to make it follow the
coordinate system so that

£'¢") = (Prf) () {= ()} ()
The left-hand side,
£0) = B ) | @
is called the activg interpretatién. Note the use of 7' on both sides.
In the passive interpretation
P.f (Rr) = £(r), ' (2b)
rewritten as
f¢") = Bg D (), 3)
the operator leaves the function unchanged but changes the coordinates from r to r'.
As an example, consider the effect of an anti-clockwise rotation through o on the
the function f(¢). Then Rg=¢'= ¢ - a, whence
exp {im(¢'+a)1f = exp (ima) exp (im¢") = exp (img), ‘ 4)
corresponding to
f'(¢) = Prf(4) = exp (ima) exp (imp") = £(¢). )

Thus the operator for the active interpretation is
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Py = exp (imo). 6)

Euler angles. Consider a right-handed coordinate system. Let a positive rotation carry a
right-handed screw forward along the rotation axis. The three Euler angles are defined
as (i) A rotation around the z axis through «. The new system is x'y 'z, Analogously
with eq. (5),

£'(r") = exp (iaj,.) f(r") ' 7

(i) A rotation around the new y ' through 8.

nonn

The new systemisx'y z .

(iii) A rotation around the new z" through 7.
The rotation operator corresponding to an active rotation through the Euler angles («fy)
in the “temporary’ coordinates above is

Pr(afy) .= exp (ivj,) exp (ifj,) exp (iaj,), (8)

with the same arguments (xyz) being used on both sides. If “fixed”’ rotation axes are used
instead of the temporary ones, the rotation operators act in the inverse order

Pg (af) = exp (iaj,) exp (i6j,) exp (i7],) ©)
The convention used in deriving Appendix 3 is the “active, fixed” one.

Rotation of spherical harmonics. Let now f = Yg_ (0, ¢). In the active, teinporary”
interpretation, the transformed functions becomes

Z'(0",¢") = exp (ivi,) exp (iBjy.) exp (iaj, ) Yo, (8'9"). (10)

This is not a spherical harmonic but we know that the Yg_ with a given ¢ transform into
each other under rotations. In the “passive, temporary” interpretation

Yo (00" = exp (<icj,) exp (<i6j,) exp (<i7i,) Yy (00)
=2 Dy (@BY) Yo (09). (11)
Thus our convention is that the active, fixed rotations 1.y, 2.8, 3.« take the (xyz) axes to

(x'y'z") while the equation (11) takes the spherical harmonics in the (xy'z") system back
to (xyz). Equation (11) defines the Wigner rotation matrices

D&,m(aﬁy) = < m' le Yz Py e Zlom >, 12)

L
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For half-integer angular momenta, replace £ by j:
P3ljm >= > ljm’' > DI, (aBy). (13)

The present conventions correspond to those in Messiah [7], Rose [8] and Tinkman [9].
Replacing the operators j by their eigenvalues m,

Dii'n’m - e-iam' dj;-n'm e-iym (14)
with
djm,m(ﬁ) = < jm' e Py ljm >. (15)

An explicit expression, orginally due to Weyl, is

5 O {G+m) 1 G-m) [ G+m) L Gom') 158

m(f) =2 k! (j+m-k) ! (j-m'=k) ! (k+m'-m) !

8 2j-2k-m’+m 8 2k+m’-m ‘
<cos 7) <—sin —2~> (16)

The simplified forms for =0 or =7 are

A, (0)=6_, 17

m (@ = O™ (18)

Construction of basis functions. The basis functions ¢'f\, belonging to the row A of the
irreducible representation (“irrep”) k are obtained by using the projection operators

PE) = Ek {9 (R)* Py (19)

where n, is the dimension of the irrep k, g the order of the double group, r'® (R) the
representation matrix for the group element R and the irrep k and Py is the symmetry
operation in Hilbert space, corresponding to Py in eq. (2). Thus we can first project out
from an arbitrary function Y the part transforming as the row X of k,

= p(k) w (20)

and then construct its partners from the equation (Rosén and Ellis {10])
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¢k = P® gk (21)
with
P |jem >= kz r®®* R 3 ljm’ > D (afy). Y
m'=-j

where

1, R contains an inversion
Twm = (23)

0, otherwise

In analogy with the statement following eq. (11), if the fixed, active” Euler angles
1., 2. 8, 3. a carry out the group operation, then the eq. (3), or in this case (13), takes
the transformed function back to the original coordinates.

Barred and unbarred operatzons Bethe (1929) arrived at the, double-group concept by
heuristically 1nclud1ng in the group the element E, correspondmg to the rotations through -
2w and having the property _

E? = E. (24)
The new elements A = EA then double the order of the group G.

For rotations around the same axis

R, for 0< R, ,
R = {ijfi -nz R:i 0 @)
while e.g. in the gr_oﬁp Cs,
Cyol =a,. | (26)
The eq. (25) limits the Euler angles to
—T< a+ y< i ' 27
0<p< 7. (28)

The representation and rotation matrices for the barred operations are obtained for the
present irreps with half-integer j from

['(R) = -T'(R) (29)

Jim® = =D, (R). _ (30)
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APPENDIX 1.

Index to the tables in Appendix 3

Table(s) Group(s)

1 c,

2 o

3 C,

4 Cin= G

5 Con

6 D, and C,,

7 Don

8 C, and S,

9 Can '

10 D,, C;, and D,,
11 D,

12 c,

13 Cs;

14 D, and Cj,
15 D3g

16 Cq and Cyy
17 Cen

18 D, Cq, and Dy,
19 Dy,
20,21 T and Ty,
22-24 T4, Oand Oy
25 C,, and D,
26,27 D, and Cg,
28 Dy

Dgp

29,30
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APPENDIX 2.
Definitions of special functions

The spherical harmonics used are defined as

) - y 14/ .
Vi 09 = © 107 [ 22 G [ By oy o

with the associated Legendre polynomial
2
Pp, (%) = (1-x2)™7 d™ Po(x) /dx™

where the Legendre polynomial

, 2
;. _ 1 d 2 1\R
Pox) = + L2l
' 2201 gx?

These spherical harmonics have the parity properties
Yom (-1) = O ¥V ()
YQm = (_)m YQ,-m :
The £s - coupling (as opposed to sf - coupling)
T se 1. 1
I2sjm >= milms Cezi ;memm) | Yo >1 7 mg >

with the phase convention

c@liimumm =-|(tom+ L) /@een ]’ mo=Ll oL
27 s 2 s T g0 2
0 1\ oaany [ S

+m+3 [ (20+1) sy = 5, = RS

or ms=—%,]=52—%.

+
—
TN
b=}
i
8
+
N =
—
—
~
)
=
+
[
N’
e—
=
o
8
w
1l
1
N —
—
I
x>
+
N[ =
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Table A3.1. C,

Irrep - Class Basis

I‘2=K=B1/2‘ 1 -1 |%m >,V m

Table A3.2. C,

Irrep Class Basis

E E I I
Iy = A, = By, 1 -1 1 -1 [2jim > ,even £, ¥ m
Iy = A, = By 1 -1 -1 1 |2im >, odd 2, V m

Table A3.3. C,. The irreps I'y and T'; together form the rep E,,.

Irrep Class Basis #
E E C, C,
r,="'E 1 -1 i i 12, - & (mod 2) >
r, = ’E 1 -1 S i 124, %(mod 2) >
: i ~imm ~imm ’
ij’m 5mm' ‘Smm’ Smm’ -¢ 6mm’

? Even L. Interchanged from Koster.

Table A3.4. Cyy = C,. Theirreps I'y and Ty together form the rep E, ;.

Irrep Class Basis ?
E E 0 o Even?  0dd®
_ 15 _ ) . .1 1
ry E 1 1 i i Y 5 > [9 5 >
_ 2% _ . . .1 1
r, E 1 1 i i B4] 5 > |, 2 >
ij’m amm’ _Bmm’ Eimﬂgmm’ _Eimﬂamm’
Inversion no no yes yes

2 Them quantum number is given mod (2). Koster et al. (196 3) only give our “odd £” functions.
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Table A3.5. Cyy,. The irreps Ty and I'; together form the rep E, ,, while I'; and T'; to-
gether form the rep E, Pu-

Irrep Class Basis ?
E c, I o,  Even?® 0dd 2
r; 1 i 1 iog-1s -
I 1 i 1 - 1% 5> -
Iy 1 i -1 -i - [ - % >
T, 1 - -1 i - % 5>
D St € 8 S €S
Inversion no no yes yes
The m quantum number is given mod (2).
Table A3.6. D, and C,,.
Irrep Quantity Class Basis #°
D,: E Cy(z) C,(x) Cu(y) D, C,,
C,: E C,(z) o[(yz) o}(xz)
T5=E,, X 2 0 0 0 e
=E(C,,)=E(D) T (é ?) (8 ?) (01 ’i> <(1) 'é) { . ; 27 {l ’2”
=) s|Q_]—§> SlQ]_i >
D)y S + {1 7™ AL eTMT g e

8 The m quantum number is given mod (2)

b Thesymbolsis+1forj=52+% andflforj=9—%.

¢ The symbol A = (-) 3jsm 5

m,~m’*
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11
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z
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<7 ..u_m% Ao wv Ao Tv AT ov AT ov Ao _.v Ao Hv T 0 I ov ;
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Table A3.8. C, and S,. The quantity u = exp (in/4).

Irrep Class Basis?
C,: E c, c, C;  Cyands,” s,°
S, : E S, c, S,
Iy = ZEI 1 u i u* IQj,—% > |4, %
Te = 'E, 1 u* -i u 19, -;— > IQj,—% >
r,= 21_32 1 -u i -u* 19, % > |Qj,-% >
r, = 'E, 1 “u i -u 1%.-2 > 14, 1
ij,m 5., {1 Simm ]2 gmr a2y
Inversion (S,) no yes no yes
# The m quantum number is given mod (4). ° Even® ¢ 0dd%.
Table A3.9. Cyy .
Irrep Class Basis ?
E C, c, 1St o S,
rs 1 u i u* 1 u i u* Q- %
1“; 1 u* -i u 1 u* -i u §%] %
r; 1 -u i -u* 1 -u i -ut g %
Ty 1 u i u* -1 —u - -ut o igj- 1
Ty 1 u* -i uw -1 -u* i -u |9 %
r; 1 -u i w1 w A w3
ry 1 —u¥ A u -1 u* i u |Qj—%
ij’m 5., (1 Simn/2 gimm_imn2, cim]2 gimn imnfzy
Inversion no no no no yes yes yes yes

2 The m quantum number is given mod (4). ° Even®. € 0dd %.
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(a) D,

(b) Cl,v and DZd
AN

>y
Co(Y)
7 (1)

a(2) | Cqlx)
X

Figure A3.1. Definition of the operations. (a) Dy, (b) C4v and D, 4.
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Table A3.11. D,,. The quantity u = exp (im/4). The operations are defined in the
previous table.

Irrep Quantity

{E} {C, C'y 1C 1iCe Cmy{Cia) Cci@y

r; x 2 2 2 0 0 0 0 0
r 10 u*0 uo -1 0 0- 0-1 0-u 0-u*
01 0O u 0 u* 0 i ~i 0 10 u*Q u 0
Iy X 2 -2 -2 0 0 0 0 0
r 1 0\ [<u*0\/-u 0 \/<i 0\ /0 -\ /0-1 0 u\/0u*
01 0-u 0-u*/\0 i -i 0 10 -u*0/ \-u 0
Ty X 2 2 2 0 0 0 0 0
r 10\ /u*0\ fuo) /4 0\ /0-i\ /0-1\ /0-u\ /0-u*
01 0O u 0 u* 0 i ~i 0 10 u* 0 u 0
r; X 2 -2 -2 o o0 0 0 0
r 10 ~-u* 0\/-u 0\/-<1 0 0 - 01 Ou Ou*
01 0 - 0-u*/\0 i -i 0 10 -u*0/\-uo
ijlm A-{1 E’ﬂim/z e11'im/2 E‘rrim 1B .{éﬂim 1 é-Trim/2 e1rim/2 1
{1} (S, S { oy )00z o)} {0,2) oy(1)} Basis *
2 2 2 0 0 0 0 0
g Lob
10\ /ut0\ fu 0\ /< 0\ /0 -\ /0-1\ /0-u\ /0-u* 145 5 >
01 Ou 0u*) \0 i -i 10 u* 0 u 0 lej—%>
2 -2 -2 0 0 0 0 0
/. ISZ'-i >b
10\ /u*0\/<u 0\/4 0\ /0-\ /[0-1 0 u\/0u* )
01 0-u/\0-u* (0 i) \4 1 0) \«w*0/\wo 19 %>
-2 -2 -2 0 0 0 0 0
| &5 1 > ©
-1 0\ /u*0\/-u 0 \/i 0\ /0 i 01 0 u\ /0 u* )
0-1 0-u 0-u*/\0- i0 -10 -u*0/ \-uo0 s|2j—%>
-2 2 2 0 0 0 0 0
IQ._Q >c
-1 0\ fu*0\ /u0)\ /i 0\ /0 i 01\ /0-u\ /0-u* 173
0-1/\0 u/) \0 u*/ \0-i io) \-10/ \ux0/ \uw 0 19 %>

-7im/2 mimy2 . d
: / e /

1 }

=mim/2 mim/2 -wim =m7im
2 gmimz gmim, g o

A-{1 e

2 The m quantum number is given mod (4). ® Even £.-° 0dd £.
4 The quantity A = 8y and B = 8m,-m (o3’
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Interchanged from Koster.

Table A3.12. C,. The quantity w = exp (in/3).
Irrep Class Basis *
-1
E C, (ON
. b
r, 1 w w* 19 - 5
| 1 w w 19 % >°
I, 1 -1 -1 19 % >
j ~2wim/3 2wim/3
D Smm € 8 pom’ € 8 mm’
2 The m quantum number is defined mod (3).
b Interchanged from Koster. We use active rotations.
Table A3.13. Cg;. The quantity w = exp (in/3).
Irrep Class Basis *
-1 d g d
C, C, I Se Se
r,’ w w* 1 w* w 1% - 3
rs” w* w 1 w w |9 %
r,’ -1 -1 1 -1 -1 5 3
r,” w w# -1 -w* -w 1% - %
ry” w¥ w -1 ~-w -w# |9 %
T, -1 -1 -1 1 1 g 3
2
ij;m =27im/3 6mm, e21rim/36mm’8mm, eZnim/38mm, 621rim/36mm’
2 The m quantum number is defined mod (3).
® Even%.
¢ 0dd Q.
d
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Figure A3.2. Definition for the operations for b 32 C3,and Dg,.

17
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Table A3.14. Dy and C,,. The quantity w = exp (in/3). C,(1) coincides with the y axis,
C,(2) lies between —x and -y, and C,(3) lies between x and -y. a, lies
between x and -y. o, lies between x and y.w(See Fig. A3.2).

Irrep  Quantity Element {and class}
D, {B}  { G, GGl {CG) GR  GE)
Cy:{B}  { G ;'Y {ot@ o a )
r,= E’' X 2 1 1 0 0 0
10 w* 0 w0 0-1 0w 0wk
01 0w 0 w* 10 -w* 0 -w 0
Fy=p, x=T 1 -1 -1 i i i
I'g=p, x=T 1 -1 -1 -i -i -i
ij’m Bm, {1 E2nim/3 e211im/3} A. (1 e41'rim/‘3! E41'rim/3} a

Basis for D :

r, ;_{Q i %>, { 19-3 >
@ sig-1 5, O sig 3>
T, : (-)Q’fs|2j %>-i|2j,—% >
r, : O™ s195 %>‘+i|szj,-% >
Basis for C5,
15 1> 1g-3 >
fa {sllzj-% >, { -s| & %>
T : s 3 >-i1g-3 >
Ty : -s|g %>+i|9j—%>.

The m quantum number is defined mod (6).
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. STsed fhiiiiclje) de1ry

(g/un) dxo = m “(9/u) dxo =4 ¥y L[ 'cy 2197
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Table A3.18. Dy, Cq, and Dy v = exp (in/6), w=exp (in/3). The elements are defined

in Fig. A3.3.
Irrep Quantity Element
D, % B B A5 g .0 cy(1)
Cs, : E @ ey 4 T cxy a4(1)
D, : E 0, C C3 g 8 a,(1)
— TI;=E=E;, 2 0 1 1 P ds 0

. 10\ (- 0\ (w*0 v 0\ (v 0
01 0 i 0w 0 v 0 v*
~— [g=BE"=E;, " x 2 0 \E -3
(1) (3) (W*°>< W) (62)(e )( )
01 0-i */ \ 0 0-v*
Ty=E"=E;, X 2 0 0
10 i0 -0
IS )( >()<)( o)
ijlm A {1 E'n'im 621rim/3 e271'im/3 é-1rim/3 e1rim/3} B.{1
0 m 2n/3 -2nw/3 «/3 -m/3 0
B 0 0 0 0 0 0 '

a 0 0 0 0 0 0 0
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Table A3.18. (cont.)
Element Basis *
! ' " n " b
C,(2) C,(3) Cy(1) Cy(2) C,3) Dy, D,,° D,
04(2)  04(3) (1) 0,2 0,(3) Coy
Uv(z) Uv(3) Cz(l) C2(2) C2(3)
0 0 0 0 0 ’ )
<()w3<0 w>C)4> <0v>(o—v*>{"2j “>{ 'ﬁ“‘>{ 5 5>
_ _wk _i o )
w O w*0 /\- 0 V)VO v 0 SIQj—%.> 519 _25_ (—)Qlej—%>
0 0 0 0 0
e Q-2 g L Q-3
e GG G0 CO et e 2.
* ] vk
w 0O w*0 /\- O v¥0/\v O 519 %> —sIQ]-l (—)Qlej %>
0 0 0 0 0
.3 3
<04> CLJ) C)i) <01) (01) {'ﬁ §'> 'ﬁ"—'>i 5>
10 . . .
Lo/ A0/ A0/ \io 519 -3 > Lsig ﬁ%m_§>
gamim/3  amim/3 g-mm  Smim/3 o im/3 }d
27r/3 -27/3 w/2 -57/6 -m/6
T i m T T
-2n/3 2n/3 -r/2 5m/6 /6

a
b Even £
¢ 0dd R
d A=5 B=3

mm’ m,-m' )

3j+m

The m quantum number is defined mod (6).
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(a) DgsCq,

A A e

Figure A3.3. The coordinate systems and notations assumed for the double groups D¢ and Cg, (2) and

D311 (b). In the latter case the site vectors t and tr» corresponding to the site 2 and the operation

R = C3 are shown as an example (see eq. (7.113) in § 7.4.1 of Desclaux and Pyykkd, Relativistic
Theory of Atoms and Molecules™ (To be published) ).
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-1

{Cq

G
w 0
0 w*
w 0
0w

(
(

Element {and class}
w* 0)
0 w/
w* 0\
0 W/
)

{ G

(
(

exp (in/3). The elements are defined in Fig. A3.3 (a).

)
)

-i 0
0 i

i

exp (im/6). w

0
\o 1

{E}
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Table A3.19. D¢, . v
Irrep Quantity

+ 00

v¥ 0
0 -v
i0
0 -
0
0 -
Trim/3}
cont.

) G

1

)

w* 0 v 0
0 w 0 -v*
1 0 - 0
0 -1 0 i
10 -0
0-1 0 i
2ﬁim/3 —mwim/3

w O
0w
w O
0 w*
10
0 -1
10 -
-1
/3

-2mwim

)
)

0
0

i 0
0 i
i0
0 i
0 -
1

0 -
~mim

)

)

1

10

1

10 -
01

10 i
01

10

01
{1

(
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Table A3.19 {cont.)

Element {and class}

(3)} {€5(1)

Irrep Quantity

GO I} o) (S,

C3(2)

'
2

.2 ¢
)

C

"
*
©
*
*
*

L6 CHEDIEN 69 62

0 w*
w 0O

o) (
)
)
) (
)

0-1

)

)
)

)
)

w O
27im/3

VORED) G GD6) G
) (

-1
10

o)

w* 0

SEEE6N 60
)

0w

0-1
10

W
0

SEICH D ENEDE) ¢
) (75) Go) () (o) (

0-1
10

)69 669 6
)

i0
i
0

0 i

0-1
10

0-1) (0-1
1o/ \1o

10
1

o) (63)(6 1) (

0
i

170) (170) () (o) €

~qim
e

o STim/3 e"im/3}A.{1

—mim

=4mim

B.
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Table A3.19 (cont.)

5.1 {5 S3 Y {o(1) 042 0,3} {0,(1) 0,2 o,3)} Basis”

weO) (VO (ve0) (0-1) (0w (0 w)(0i) (0 v (0 9 5
0w, (\)(_y* Orv 10 -w 0 /J\-w*0/\-i 0/ \~v*O <v 0 {lej—l
s T -
a Yy Y 0 0 0 0 0 0 A
<—w* 0><—v o> Ly 0><0 1) <O—w*><0 —w> 01\ (0 ~v\(0v\[ 1% 3
0 -w/\0O-v¥/\0 -v/\-1 0/ \w O w* 0 (i 0> <v* 0 <—VO >{ s
N3 V3 S8 -5
1 =3 =3 0 0 0 0 0 0 ;
w 0\ /~v*0\/v 0\ /0-1 0 w\/ 0 w0\ (0-v¥\ [0 v\ ¥ 3
0 w*/\0 -v 0-v¥\1 O <—w*0 (—w 0 /(—i 0 <v 0 -y ¥ 0> SIQj—é
g4 3 s 0 0 0 0 0 0 .
w0 \v*0Y (v (0 1Y (0-w) f0-w¥\ (0 i\ (0 v¥\ [0-v\f I8 3
0-w*/\0 v \O v/ \-1 0, \w*0/\w O i0/) v O v¥0 {—lej-i S
g 0 0 0 0 0 0 0 0 2 i
10 (i0Y (- 0Y (0-1\ (0-1\ (0-1) (0 i\ (0 i\ (0 i\ [ '¥ S B
0-1)\0-) \oi) \to)\ro/\ro)\io)\io)\io){ n 3,
2 0 0 0 0 0 0 0 0 -
10\ 40\ (io) /o1 /01)/01) [0\ [0\ (0 9 5 >
01) \0i/) \0-i (—10 (-10 \-1o/\-i0) \sio) \40 {s|szj—§>
2

-2rim/3 #wim/3 -mim/3 -4wim/3 4nim/3 -mim 5mim/3  mim/3
e f3 gmmf3  gmim e B e P e Poe /}

}B-{1

2 Them quantum number is defined mod (6).

b Even Q.
¢ 0dd L.
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Table A3.20. Tand Ty. w =exp (2mi/3). A=§_ ,. B=(=)3Im L E" and E” to-
gether form the rep u’. The elements C=FI(FeT, I =inversion) belong to the
group T, . Their representation matrices I'(C) = + I'(F) for representation
I‘i:, i=5-7. The elements are defined in Fig. A3 .4.

Irrep Quantity Element {and class}
[{E}{CRE Gy G} { CM) C;(2)
r.=E' 2 0 0 0 1 1
C NG ENED PE) w0
01 01 10 -0 2 il 2 \1+4
r=E" x 2 0 0 0 w
r (1 0) <—i 0> <0—1> (0 —i> 1+/31i <-1+1 -1-1)1:/5_1 -1 1-1)
01 0i 10 - 0 4 1< -1-i] 4 -1-i 1+
I,=E"=I'}
Diw A A" B BT ACIEM™ g(I)e™

C I olxy) o(xz) o(yz) S;l(l) S;l(2)
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Table A3.20.{cont.)

Element {and class}

C,(3) C,(4) }{ ;' (1) c;'(2)

1 1
1+i 1 4\ 14 (- -1 (
2 \-1 4 2 -i 1
w w w? 2
1-V3i/-1- -1+i\ 1/3i [-1+i 1+ +
4 1+ -1 +i 4 -1 +i -1+

-1 +1 -1 +i

-1 -1 1+i>1+\/§i ~1 + -1+i>

d(- _7_21'_ )eﬂim/2 d( .721 )énim/z d( .72L )eﬂ-imr/z d(- T Enim'/z
S5 (3) Se (4) Se(1) 6(2)

Table A3.20. (cont.)

-1 -1
Cy(3) C; @) }
1 1
1+i (-i i) .
—= 1+i /1 1
2 \11 = (1 _i>
2 2
w w
14v3i [F1+1 1-i\1+33i(-1--1 -i
4 \-14 -1-i) 4 1-i-1+
T\ —wim'f2 T wim!f2
d(z)e d(-5)e

S¢(3) Se(4)
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__>y
0

| |

X £ '
|
| d . . : 2
et Ipye
z"’/——“—,— == — —|- \A

Figure A3.4. The coordinate system and notation assumed for T, T}, T4,0 and Oy
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Table A3.21. Basis functions for T. For T, , the functions with even ¢ span F5+’ F; and
I'7 while the functions with odd 2 span I';,Pgand T].

Irreducible Angular momentum j
representation 1 3 5
2 2 2
1 1 5 \
| §> I\TEQ §>—\/§|-_>)
Fs=b IR _1_<|_£>_\'/5—| §>>
2 N/ 2 2
1 1 1 1 . 5
- \7~§<] §>—1|——>>Jg{\/ﬁ_|§>—1<\/15|§>+
6 - . .
\l/_<|-% > -i| %>) é{\/ﬁ—[—% >—i<\/ 15|—% >+
2 .
N ' { \%<|-%>+i| %>> Ié{\/l-g|-%$+i<\/_ﬁ|—%>+
7= —
1 1 .13 1 1 . 5
— || —>+1{——>> —{-\/18|—>-1<\/15|—>+
\/Q*( 2 2 6 2 2
3 1 3
3, (3, 53 >)
| 2 \/8( | 2 l .
| 3> 7>
r,+ T, - 4 s
' 1 1
|—5> -|—§>
3 1 3
AR \—/g(|-5>+ﬁ| §>)
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Table A3.21. {cont.)

Pekka Pyykko and Hannu Toivonen

Irreducible Angular momentum j
representation S p
i(cont.) 5
_1_<\/7 1ou5-15) 1<\/§ 5.3 >>
—— f,/—u |2 | 27))2 |2 2
5 1 1 7\ |1 5 3
\Tﬁ<—\ﬁ|—§>—\/§| 7>) 5-\/§|—§>+ §>>
3 M1 { 1 7 . 5 3
+\/§ - = —\/§—>—\/7 -—>+1<\/§ Z >+3|- >)}
: 3 ) 1 1 7 5 3
+V3| 5 }E{-\/g|—§>+\/7| §>-1(\/§|—§>+3| §>>I
3 (1 1 7 . 5 3 )1
3 2 = Vs > -V £ ssi(VBl-2 >3] 2
F7=Elu +\/_l 2 j 24{\/_l ] > l 3 > 1<\/_| >+ | 5 > j
‘ 3 1 1 7 : 5 3
+\/§|‘§ }*‘a{\/g|’2— >,"\/7!‘§ >‘1<\/§| §>+3|—§>>}
1 3
5 V3| §>+|—§ >>
1—(—\/51 %>+\/7|—5 >
r,+ T, V12
L (5-Lsivg Z>>
vad 2
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Table A3.22. Representation matrices for T, Oand O, from Onodera and Okazaki
(1966 b). The elements C = F I (Fe O, I =inversion) belong to the group
O,,. Their representation matrices I' (C) = = I" (F) for the representations
F;f, i = 6-8. The o4 of T4 and the Cé of O are labelled by the image of xyz,

X X
e.g. oj(xzy)mapsy -z . The C axes are labelled as for T and T (Fig.

z -y
A34):

Itrep o LB | =17 =
m Ie=E'=E, T,=E'=E;, Ty=U=G,, C

Ty, O ,
E B (

C,x) Cix) (0. '5

O =

iiﬁ 0,(72)

C,» ) G%

Q414> )

C,@) Ci @? iéiQ on(xy)

, 1 /313 \/1_
-1 1 (14 1 (-1 iy 1 [-V3i -1 4 V3 -1
Sa 2 Gl = (i 1 73 <1-1> (- 30 -1 3| e ®

- Ve i V3 431
\1/_ V3i/f3 \-/1_
. 1i 1 [-14\ 1 3i -1 i /3
Sa(x) C4l(x)L<i 1> AC -1) YAE R T R
V2 \/2_< VB 4 A3 VBil
1 3 \/5\/—_1
so e 22(7) H04) 5| ¥ 0 au) s
, 1 V3 V31
' ) \/1_ 3 \6\/1
a,.1 (11 1 /(-1-1\ 1 {3 - 1 V3
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| 2 D% (D% e e
- gA EA T
o (REER) ()% (D% e e
, EN- I- £ . -1/ ,
I gA gp T
IogA TEA T
8 AT N\ Z
w2 D TR (9T ()Y e
- 1A A F /L
A TEA T
(4-z-x)Po g F rogs | 88 F & A W (Azx-)%y (£~z-x)Po
IEA 1= 1 AT 1 1)1 -+ 1 ;
- tgA A T
- - C .- z _ z
@ A_ TRle, Tv lﬂ\( A_ 0 _.oTv W\, Aﬁ 0 ¢o~v% @ @
. I z . z . C
@5 A_ TRy TVW\, Agoﬁ :oTv % Aﬁ 0 Toﬁv.ﬂ\, @ @
D A L °a o L

(JU02) 77°cV 219
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1A IEA I-
5 A 1= o eA] 1+ 2z 1 2
(r),s TEA - 1 ¢ ,w W1 AT _.v W1 AT _.vﬂ ® ™%
FOEA TEA T-
- TEA EA F |
5 EA~ T T- IeA | 4 A 2 2 W
®’s Tw. oL Mm\/.u T A_. ﬁv_j A_. ﬁv 7 ©9  (©
- 1EA A T
I- TEA~ €A 1
5 AT T IEA | v 1)z 1) 2 .
@5 h% LoL M%uf ES (F)& @9 o9
I 1A~ EA- 1
TOEA TEA T
5 A - T MY b 11\ _z 1) z ¢ ¢
(D, ﬁﬂm\/ I M\«u_: A:-v T A:.vﬂ M M
IOgA TEA T-
- 1\ & i -\ A
P TR AN o w»Nn\ o F\Y . P
(zxA)Po AT Wl V T - 0 1 o T (@xA)% (Ao
- 1A\ & A\ N -1\ &
e T A o w1\ o NY¥ . P
S AH.H_: VH w1 o0) T \rr1- o) T @00 A
0 &1 L1 ’1 0 L

(3u03) ZZ '€V 21971
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Table A3.23. Characters of T,, O and Oy,.

Irrep Class
T, 8C, 3C,, 3C, 65, 604, 60,
0 8C, 3C,, 3C, 6C, 6C;, 6C,
Tg=E'=E, 1 0 2
I, =E"=E), 1 0 -2
Ty =U'=G,), -1 0 0
Table A3.24. Basis functions for T, O and Oh.a
Group Irrep AO Basis
¢ I _1_
0, Ie . Sip 3 f
L= 2
( 7 1 5 7
) / z |3 2 =27
812 : . _
7 1 5 7
TR R A VL e
1 7 14 .1 9 9
w2 ym > yuml 3>
Bop 1 — —
1 7 14 1 9 9
{ % |l 2> ﬁ|.2>+ 2% 172>
i
s pip )
S
( _ : T
. 7 1 5 7
. f( n |3 IR >>
70 —_ i
. 7 1 5 7
\1( 7 173 |3 >>

a These relative phases are consistent with the model systems MH 6 (Oh) and MH a (Td).

The corresponding proton fields are given by Pyykké and Desclaux (1978) (Chem.Phys. 34, 261).
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Table A3.24. (cont.)

Basis

Group Irrep AO

T T L A

A A

A

A

Ml N~ ol [ =

/

A
M|

nix

—| N

Oy




Table A3.24. (cont.)

Basis

Group Irrep
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P P o P o~
A A A A A A
=l e e =~ n e Nl

| 1 1
e |l
1 o~
~S 8w S
! + + 1 + !
A A A A A A
— e i e -~ e N
[} [} |
w2 |l
™S 2 g
N~ e N~ s ~
— e —le - —le e
— — "
Q Q
LHI\ rg_'l\
N P N N
A A A A
ol ol e Nl
1 i
{ —|\O |r—«|\o | wn o | |0
> >
+ + l !
A A A A
o ey ["a¥ Ko\ N
1 [}
A {wrio  Lwnio A | w0 | =0
mle TN, TS, e \ \
. ~ ~_Z S
— o — —
1 1
—— ——
N o
L‘_‘lh l*_(ln
A A A A '
— i leN —~ |
- ' =
— _ —_ - o
Y
—
= ‘&
[aT} P
| oo ©
~ =
- -]
@) =

~~~
<
)
N’
I o
[
a3
Q_‘l\
A A
o™ [32¥Ke\]
1
|ln\|\o {wnlo
> \.
+ +
A A
e [Tel ol
|
{ — o { — o

6

pl/zzl"

Iy

fs;2: Tg (Op)
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f7/2 : Tg (Oy).

(Op)

+
8

d5/2:F

(Oy)

+
8

dyjp:-T

(0y)

8

p3/2:F

Ty
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Table A3.25. Basis functions for Cy,, and D, .

Group Irrep Basis”
) :
B LI
Doon Ty S1p2 1 d3p: 1 ds o 1 !
SR -2>
1 1 1 1
R U o B B I :
Loy Pipt . P3pa- f5/2 f7/2-
L 1 -1 21
I 5> | 7> 5> | 3>
a
* These coefficients for T, are -1 for j = &~ %and mg =+ % (m =mg+my), and +1 otherwise.
|
D..D |
5" 75h
]
C 2 (1)
>
o, (1)
q

Figure A3.5. Definition of the operétions for D4 and Dsh'
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Table A3.26. Dy and C,. w = exp (in/5). The elements are defined in Fig. A3.5. The
symmetry planes o,(i) are perpendicular against C,(i). The irreps p, and
p, together form E" = Egp.

Irrep Quantity Elements {and class}
Dy: {E}{C, 'y (¢ Cs'}
Co: {(E}{C 'y (¢ )
P=E'=E,, x 2 0+VE) 21+V5) 1E1svE) Le1evE)

T GDEY) G ERE )

fo='=Fan X 2 5(1-V3) JU-VE)- 2+ VE) -2 +vE)
CGDE T G
“\0 1 0 -w* W 0 -w 0 —w
Ly =p, _ 1 -1 1 1 .
Tg =p, 1 -1 -1 ! )
ij,m Syt * 1 1 g 2mm/s  2mim/s e—-47rim/5' e4ﬂim/5}

_ 3j+m
A=y o (™.

Table A3.26. (cont.)

Irrep Quantity Elements {and class}
Dy {C(D G B @) GO}
Co,:  {o,1) 0,(2) 6,3)  o,4) 0,(5) }

Iy =E'= Ep X 0 0 0 0 0
. 0 -1) (0w [0 w) [0 wr\ (0 -w’
1 o/\w?0o J\w*0) \-w 0 /)\w? o0

Fe=E"=E;, X 0 0 0 0 0
r 0 -1 0 w* /0 —w* 0 2—w2 0 w
1 0 \w w* 0 -w* 0

Iy =p; i i i i i

Ty =p, - -i 4 -i -i
A- {1 e411'im/5 e81rim/5 e-81rim/5 e-41rim/5}
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4 4 z
<&-prre <2 ol < Bl < BlsO 51
4 T . z T 3 L
<g-fyl v - < hs <g-flr- <2 O a1
h 4
m f |s Am-a_w. Am fy 5,0 <g-Bls 0 o
I
z z z 4
Mu.ﬁu_ Am .mu_ .AMu.ﬁu_ Am .&_
n z © T
lm. [y |'s- Am-.u_m <z .if&@ <7-B[s0 m
J
4 4 z z
racl <7 &l Amw.&_ <7 &l
"9 a
siseq do1ry

"(01) pows paurjap s Taquinu urmpuenb w Y[, **$) pue S 10§ suonouny siseg £ 7 CV 91901
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Figure A3.6. Definition of the operations for Dg.
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Table A3.28. Dyy. w = exp (in/5). The elements are defined in Fig. A3.6.

Irrep Quantity Element
E C, c;’ c c
I X 2 %(1 +\/§) 21(1 +\/§) %(—1 + \/5) %(—1 +\/§)
r (1 0) <w* 0) <w 0> (w*2 02> <w2 02>
01 0 w 0 w* 0 w 0 wt
Gox 2 50eVE) S0V LeVE) L)
r <1 0) (w* 0) <w 0) <w*2 02> <w2 0 2>
01 0 W 0 w* 0 w 0 w*
Loox 2 30-V5)  Lfa-vs) LaevE) -l
r <1 0) <—w2 0 2) (—w"‘2 02> (—w* 0> (—w 0 >
01 0. —w* 0 -w 0 -w 0 -w*
riox 2 leevs) %(-1#\/5) Lavs) La+v5)
r <1 0) (—w2 0 2> <—w*2 02> (—w* 0) <—w 0 >
01 0 -w* 0 -w 0 -w ' 0 -w#*
I, 1 -1 -1 1 1
r; 1 -1 -1 1 1
I 1 -1 -1 1 1
Ty 1 -1 -1 1 1
ij'm 5. {1 2mim/s 2mim/5 o 4mim/s Hmim/s
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Table A3.28. (cont.)

Irrep Quantity Element
S10 Sto Sto Sto S,
5ox daevs lawvs laws lawd o
. <w2 02> <w*2 02> <w o> (w* 0> | (1 0>
0 w* 0 w 0 w* 0 w 01
r; X %(1-\/5) 2a-v3)  -favs) -laevs) -2
r (—w2 0 2) (—w*2 0 <—w o> <-w* 0> <-1 0>
0 -w* N0 -w 0 -w* 0 -w 0-1
ry  x -%(1“/5) —%(1+\/§) %(1-\/5‘) %(1-\/3) 2
r (—w 0 > (—w* 0) (—w*2 02> <—w2 0 2) (1 0)
0 -w* 0 -w 0 -w 0 -w* 01
Ny ox F0eV5  Zasvs  laevs) laevs) -2
r <w 0) <w* o) <w*2 02> <w2 0 2'> (-1 0)
0 w* 0 w 0 \ 0 w* 0-1
r; 1 1 -1 ‘ -1 1
r; -1 -1 1 1 -1
Ty 1 1 -1 -1 1
ry -1 -1 1 1 -1
Amim/s “4mim/5 27im /5 -2mim/5 1}
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Table A3.28. (cont.)

Irrep Quantity Element

GO GO GE) CE)

C, 5) aq(1) 04(2)

r; X 0 0 0 0

0 0

0

GO0 () () ) C ) ()

I; X 0 0 0 0

0 0

0

)T ) W) ) (B0 (057)

T X 0 0 0 0

0 0

0

(1)) () (8GR

T, X 0 0 0 - 0

CEDED) @D D6

0 0

0

o) (o)

1"; i i i i ; ; :
l"'; i i i i ; 4 y
Ty - - - 4 4 4 y
Ts - - - - - i i
(Sm’_m,(_)3j+m {1 e4nim/5 68 mim/s e—81rim/5 -4mim/s ) e4"im/5
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Table A3.28. (cont.)

Irrep Quantity Element Basis
04(3) 04(4) a4(5)
I X 0 0 0 X .
r 0w < 0 w*\ /0 2-—w* IQj,' 12 > | %,-9/2 >
-w* 0 -w 0 w*" 0 s|9,-1/2 >, \-s|%, 9/2 >
re X 0 0 0
' c c
I 0 -w 0 -w* 0 2w* |9, 1/2 > | %,-9/2 >
w0 w 0 -w* 0 -s|%,-12 >, L s|%, 92>
ry X 0 0™ 0
2 2 ] b . b
o (O, (05w 0 w | %, 3/2 > |%,-7/2 >
v 0 w* 0 -w* 0 -s|Qj,—3/2 >, Ls|% 772>
r; X 0 0 0
2 2 . ¢ . ¢
r 02 wk / 0 W 0 -w |Q], 3/2 > | %,-7/2 >
-w 0 J\-w*"0 w* 0 s]Qj,—3/2 >, —lej,, 7/2 >
~ b
r; i i i s| %, 5/2 > -i|%,-5/2 >
r; S 4 4 S| %, 52 > +|%,-52 >
o b
Iy -i -i -i s| %, 5/2 > +i|%,-5/2 >
ry i i i S| %, 5/2 > -i|%,-52 >
eBﬂim/S Ve—87rim/5 e—47rin&/5 }

The m quantum number is defined mod (10).
® Even&.
¢ 0ad¥.




Table A3.29. Dg,. v=exp (in/10). w =exp (in/5). The elements are defined in Fig. A3.5.

Element

Irrep

-1

-2

On

)6

Pekka Pyykké and Hannu Toivonen

v 0 v 0
0 v* 0

)

3
v 0

0\ (v’ 0
i/ \o wv*
v o
0—v*3)

i
0

w 0 W*202 w0
0 w* 0 w 0 w*

o)) (
(

(
(

—v*3 0 v 0 —y¥
-v 0-v* 0

G

2 (

) o

2

10 w* 0 w O w*" 0 w0
01 0 w 0 w* 0 w2 0 w*
0

FIO

0 -w*

-w' 0

w2 0 (-w*
0-w)\o -w

ol

)
0\ <

10\ /w 0
01 0 -wH
0 -1)

1—‘11

3
v¥ 0
-v

0

(

SRV
0 %>

v 0
0 v*

o) Coae) GG (

)(

—W*2 0
0 -w

1 0\ /-w%2 0
01 0 -w

)

5 G

i
0

3) G

i
0

)L

-i
0

0
-1

-1
0

-1

)(

/10
1

l-‘13

-3mim/5

~4rim/5’

~-rim/5

wim/S

3mim/5

-im

4nim/5

2mim/s

-2mim/5

'm 5mm’ {1

Dpy,

I O
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Table A3.29. (cont.)

Irrep Element

1) G2 3 C, (4 C,(5) o) 0,2

r 0 -1\ (0 w**\ (0 w) (0w (0 w) (0 4\ (0
’ 1 0/\w 0 J\w*0 /\-w 0/ \w* 0/ \+4 0/ \v*0
r 0 -1 0 —W*2 0 w 0 w* 0 —W2 0 i 0 v
10 1 o)\wo Jlwro)\wo/)\w?0/)\io \o
r 0 -1\ (0 w) (0w (0 w'\ (0 w\ (0 i) (0
! 1 0)\w 0/)\wo Jlw?0 ) \w o) \i o) \vo
r 0 -1\ (0w (0 -w\ (0w’ (0 w) (0 ) (0
N 1 0)\w 0 )\w o J\w0 ) \w* 0/ \4 0] \-v*0
r 0-1\/0 -1 0 -1\ /(0 -1} (0 -1 0 -\ (0 -i\
13 1 0 1 O 1 0 1 O 1 0 4 0 i 0/
5 ,_m'(_)3j+m {1 e41Tim/5 ) e81rir'1‘1/5 e—81rim/5 ' e—417im/5 e—nim e—nim/s

Table A3.29. (cont.)

Irrep Element Basis ©
0,(3) o, (4) 0,(5) Even £ 0dd ¢
. <03—v*3 0 3v3 (0 v 1%, 12> [ |%,-9/2 >
9 v 0 —-v¥~ 0 v 0 siQJ,—1/2 > lej, 9/2 >
r <03v*3> 0 - (o v 1%,-9/2 > [ |4, 12>
10 -v 0 v 0 v 0 —s|Q], 92 > (-s|%,-1/2 >
. <0 v) (0 —y* <03 v 1%, 32> [ |%,-7/2 >
1 ~-v¥ 0 \v 0 -v- 0 —s|Q],—3/2 > —s|52j, 7/2 >
r <0 —v> <0 v <03 —y¥ | %,-7/2 > |%, 3/2 >
12 vE 0 v 0 vv 0 s|%, 72> |s|%,-312 >
r <o =i\ <0 ] <0 —i> |%, 5/2 > | %,-5/2 >
13 i 0) \4 o) \4 o0 s|9,-52 > \s|% 52>
e31rim/5 e71rim/5 ve——91rim/5 }

The m quantum number is defined mod (10).
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